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THE FEBRUARY MEETING OF THE SAN 
FRANCISCO SECTION. 


THE eleventh regular meeting of the San Francisco Section 
of the AmericAN MATHEMATICAL Society was held at Stan- 
ford University on February 23, 1907. The first session 
opened at eleven o’clock, with Professor E. J. Wilczynski, of 
the University of California, in the chair. The attendance was 
eighteen, including the following twelve members of the Society : 

Professor R. E. Allardice, Professor H. F. Blichfeldt, Pro- 
fessor R. L. Green, Professor M. W. Haskell, Professor L. M. 
Hoskins, Professor D. N. Lehmer, Dr. W. A. Manning, Pro- 
fessor H. C. Moreno, Professor C. A. Noble, Dr. T. M. Put- 
nam, Professor Irving Stringham, Professor E. J. Wilezynski. 

The next meeting of the Section will be held at the Univer- 
sity of California on September 28, 1907. 

The following papers were read at the February meeting : 

(1) Professor E. J. Winczynsx1: “ Projective differential 
geometry of curved surfaces.” 

(2) Professor H. F. Bricureipr: “Concerning some prop- 
erties of surfaces of revolution.” 

(3) Professor G. A. MILLER: “On the groups generated by 
two operators of order three whose product is of order four.” 

(4) Professor L. M. Hosxins: “ The practical formulation 
of the laws of motion.” 

(5) Professor R. E. ALLARDICE: “On a limit of the roots 
of an equation that is independent of all but two of the coeffi- 
cients.” 

(6) Mr. E. T. BELL: “ Note on linear congruences.” 

(7) Dr. W. A. Manntne: “On the limit of the degree of 
primitive groups.” 

Mr. Bell was introduced by Professor Blichfeldt. In the 
absence of Professor Miller, his paper was read by title. Ab- 
stracts of the papers follow below. 


1. Professor Wilezynski’s paper introduces a number of new 
conceptions into the theory of surfaces and traces thetr inter- 
relations. One of the most interesting of these is as follows. 
Through every point 7 of a surface S there pass two asymptotic 
curves A, and A, Construct the locus of the asymptotic tan- 
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gents of S belonging to the points of A,. We thus obtain, be- 
sides the developable D, of which A, is the cuspidal edge, a 
ruled surface F, upon which A, is an asymptotic line. Similarly 
for A,. The osculating hyperboloids of R, and of R, at P 
coincide. The osculating linear complexes of the four surfaces 
P,, R,, D,, R, are so related that each is in involution with 
two of the others. Consider in particular the osculating linear 
complexes of D, and D,. The directrices of the linear con- 
gruence common to them are of special interest. One of them 
lies in the plane tangent to S at P, while the other passes 
through P. Since there are two such directrices associated 
with every point P of S, there are thus obtained, associated 
with the surface S, two congruences. Consider for instance the 
congruence of the directrices of the first kind, those which pass 
through P. There are two directions through P such that the 
directrices of the same kind belonging to points of S infini- 
tesimally close to P in those directions will intersect the direc- 
trix of P. In this way two families of oo’ curves are defined 
on S, two passing through every point. These are called the 
directrix curves. The directrices of the second kind, treated 
from a similar point of view, yield the same curves on S. 

The non-homogeneous equation of a non-ruled surface may 
be expressed by a development of the form 


where J and J are absolute projective invariants. The com- 
plete geometric interpretation of this canonical form is given 
and is found to depend upon the properties of certain cubic 
surfaces which have contact of the third order with S at P, and 
which are completely determined by certain further geometric 
properties. 

Analytically the treatment is based upon the theory of the 
invariants of a system of two partial linear differential equa- 
tions of the second order with two independent variables. 


2. Representing the plane conformally upon any surface, the 
straight lines of the plane will give rise to a system of curves on 
the surface, the study of which is interesting for the reason that 
they may be taken to represent straight lines in a plane geom- 
etry in which the euclidean axioms hold, with the exception 
of the “superposition” axiom. In particular, as Professor 
Blichfeldt points out, if the surface taken be a certain surface 
of revolution, some interesting results follow. 
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3. Professor Miller’s paper is devoted to the study of some 
of the groups which are generated by two operators s,, 8, of 
order three whose product is of order four. The main results 
are as follows: The order of the commutator of s,,8, must 
always be greater than 2. If the order of 8,87 is 3, the group 
{s,, 8,} generated by s,, s, is the group of order 48 which in- 
volves operators of order 4 but no subgroup of order 24. If 
two operators satisfy the conditions s? = 8} = (s,8,)* = (s,8;) = 1, 
they generate the simple group of order 168 unless each of 
them is identity. If two operators whose commutator is of 
order 5 satisfy the conditions s} = s} = (s,s,)* = (s,83)° = 1, they 
generate the simple group of order 360. When two operators 
of order 2 have a commutator of even order, they generate a 
group whose order is four times the order of their commutator ; 
when they have a commutator of odd order, they generate a 
group whose order is either twice or four times the order of 
their commutator. If an operator of order 2 and an operator 
of order 3 have a commutator of order 2, they generate either 
the tetrahedral group or the direct product of this group and 
the group of order 2. If two operators of order 3 have a com- 
mutator of order 2, they generate a group whose order is one 
of the four numbers 12, 36, 144, 288. The eight commuta- 
tors which may be obtained from a single commutator by per- 
muting its elements have a common order. 


4. Professor Hoskins’s paper is in abstract as follows: 
By a “ practical” formulation of the laws of motion is meant 
a form of statement suited to the point of view of the aver- 
age intelligent student pursuing a first course in mechanics. 
Such a formulation must not be palpably unsound, but neither 
can it aim at strict logical rigor. It must be based upon pre- 
liminary notions derived from ordinary experience, and must 
not raise highly abstract questions or logical subtleties which 
can be appreciated only by the exceptional mind and after ma- 
ture study and reflection. The points especially emphasized in 
the paper are (1) that force should be taken as a fundamental 
quantity (contrary to the practice of some writers who aim at 
logical rigor); (2) that the simple fact that every force acting 
upon a body is exerted by some other body should not be left 
to inference but should be an explicit part of the definition 
of force, and should be further emphasized in the statement of 
Newton’s first and third laws; (3) that the law of action and 
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reaction should be restricted to forces, and should state explic- 
itly that two bodies and only two are concerned in every 
“action and reaction”; and (4) that the law of composition of 
forces should be accepted as a fundamental principle, being 
neither implicitly contained in Newton’s second Jaw nor other- 
wise susceptible of deductive proof. This fourth point is urged 
both on the ground of intelligibility to the beginner and on 
that of scientific soundness. The paper does not attempt a full 
discussion of the question as to the best method of presenting 
an elementary course in mechanics. The formal statement of 
the laws of motion is not the best starting point for such a 
course, but on the contrary should come somewhat late. The 
practical value of such a formal statement is to sum up in con- 
venient form what is already more or less familiar to the 
student. 


5. Professor Allardice gave a proof of the following theorem : 
Every equation of the form ax" + bx” + cz' + ---4+a,%+a,=0 
has a root whose modulus is not greater than 


a n m l 


whatever be the values of the coefficients a, 5, ¢, ---. 


. Instead of proceeding as usual in the solution of a linear 
emia in n indeterminates, Mr. Bell makes use of the theory 
of partitions. The absolute term ¢ has added to it multiples 
of the modulus, and the resulting absolute terms ¢,, ¢,,---, ¢, 
(where = ¢ + im +i ranges from 0 to the integral part of 
the fraction (nm — e)/m, where m is the modulus) are par- 
titioned in all possible ways into m parts, and from the solution 
of m congruences in one indeterminate the (incongruent) solu- 
tions of the original congruence are obtained. Further, the 
solutions fall into “classes,” according to the value of i, and 
each “class” gives rise to a number of “ sets” of solutions, the 
number of sets being the number of partitions of ¢ + im into n 
parts, no part being greater than m. The number of solutions 
of the original congruence in each “set” is easily determined 
and hence partition formulas for the number of solutions (incon- 
gruent, mod m) are obtained. These may be utilized to deduce 
theorems in partitions by equating them to the known formulas 
as given, e. g., by Smith (“ Congruences and Equations,” Col- 
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lected Works, volume 1). Also the known criteria for the 
resolubility of such congruences can be put in partition forms. 


7. The limit of the degree of a simply transitive primitive 
group which does not include the alternating group of that 
degree and which contains a given substitution is the object of 
investigation in Dr. Manning’s paper. If the given substitu- 
tion is of the (odd) prime order p and of degree pq, such a limit 
is given by the formula 


1 
pt+l1 
where @ = 2p/(p — 1) and yp is the characteristic of log, q. 


W. A. MANNING, 
Secretary of the Section. 


— 


THE FIFTY-SEVENTH MEETING OF THE AMER- 
ICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE. 


THE fifty-seventh meeting of the American Association for 
the Advancement of Science was held in New York City dur- 
ing the convocation week December 27, 1906, to January 2, 
1907. The president of the meeting was Dr. W. H. Welch, 
of Johns Hopkins University. The address of the retiring 
president, Professor C. M. Woodward, entitled “The Science 
of Education,” was given in the auditorium of the Horace Mann 
School of Columbia University on the evening of the opening 
day. This address has been published in full in Science for 
December 28, 1906. 

The meetings of Section A were not well attended, only 
about twenty members being present at the organization meet- 
ing. The officers of the section were: vice-president, Edward 
Kasner; secretary, L. G. Weld; councilor, G. B. Halsted ; 
member of the general committee, James McMahon ; press sec- 
retary, the secretary of the section; sectional committee, Or- 
mond Stone, E. B. Frost, E. O. Lovett, Harris Hancock, A. 
N. Skinner, together with the vice-president and the secretary 
of the section. 


= 
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The following mathematicians and astronomers were, upon 
nomination by the sectional committee, elected by the council 
to fellowship in the Association : 

R. H. Baker, G. L. Brown, R. S. Dugan, J. B. Faught, 
Fannie C. Gates, O. E. Glenn, W. J. Graham, W. A. Gran- 
ville, S. M. Hadley, Henrietta L. Leavitt, Percival Lowell, 
James Maclay, H. R. Manning, G. D. Olds, G. A. Plimpton, 
C. L. Poor, N. C. Riggs, L. G. Schultz, F. H. Smith, A. C. 
Washburne, N. R. Wilson, Anna S. Young. 

The next annual meeting of the Association will be convened 
in Chicago on Thursday, December 26, 1907, under the presi- 
dency of Professor E. L. Nichols, of Cornell University. 
Professor E. O. Lovett will be vice-president of Section A. 

The address of the retiring vice-president, Dr. W.S. Eichel- 
berger, entitled, ‘‘ Clocks, ancient and modern,” was presented 
on the afternoon of Thursday, December 27, in Fayerweather 
Hall of Columbia University. This address has already been 
published in Science for March 22 of the present year. 

A joint session of Section A with the AMERICAN MATHE- 
MATICAL Society and the Astronomical and Astrophysical So- 
ciety of America was held on Friday forenoon, December 28, 
in Schermerhorn Hall. The chair was occupied by Professor 
Simon Newcomb, past president of each of the participating 
societies. This was perhaps the most largely attended and the 
most generally interesting of any of the meetings in which any 
of the participating societies had a part. The following pro- 
gramme was presented: numbers (1) and (5) being contributed 
by the Mathematical Society ; (2) and (4) by the Astronomical 
and Astrophysical Society ; (3), (6) and (7) by Section A. 

(1) Professor S. E. Stocum: “The rational basis of mathe- 
matical pedagogy.” 

(2) Professor E. E. BARNARD: “ Photographic observations 
of the milky way.” 

(3) Professor James McManon: “The stream function for 
a straight channel with a circular island.” 

(4) Professor W. H. PickEerine: “ The tenth satellite of 
Saturn.” 

(5) Dr. F. L. Grirriy: “On the law of gravitation in the 
binary systems.” 

(6) Professor C. L. DooritrLe: “ Latitude terms of long 
period.” 


(7) Professor Epwarp Kasner : “ Dynamical trajectories.” 
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Abstracts of (1) and (5) of the above papers appear in the 
current volume of the BULLETIN, pages 265, 266; abstracts 
of (2), (4) and (6) appeared in Science, April 12 and 19, in the 
report of the eighth annual meeting of the Astronomical and 
Astrophysical Society of America. The other papers are further 
noticed below. 

The full list of papers appearing upon the programme of 
Section A, with abstracts of such as deal with purely mathe- 
matical subjects, is given below. 

(1) Professor C. L. Doo.irrLe: “An examination of the 
results of seven years’ observation with the zenith telescope of 
the Flower Observatory for latitude terms of long period.” 

(2) Mr. Pump Fox: “A preliminary report on a solar 
rotative period investigation.” 

(3) Mr. A. O. Grancer: “The retrograde motion of 
Phoebe.” 

(4) Professor G. B. Hatstep: “The sect-carrier and the 
set-sect.”” 

(5) Professor Harris Hancock: “On a fundamental 
theorem of Weierstrass by means of which the theory of elliptic 
functions may be established.” 

(6) Professor Epwarp Kasner: “ Dynamical trajectories.” 

(7) Professor JAaMEs McManon: “The stream function for 
a straight channel with a circular island.” 

(8) Dr. S. A. MrrcHeLi: “ Preliminary wave-lengths of 
flash spectra taken in Spain, August 30, 1905.” 

(9) Professor G. A. MILLER: “On the minimum number 
of operators whose orders exceed two in any finite group.” 

(10) Professor Davip Topp : “ Results of physical observa- 
tions on the saturnian system with the 18-inch Clark refractor 
of the Amherst College observatory.” 


4, The school of Plato fixed as the instruments for the solu- 
tion of geometric problems, the ruler and compasses, the straight 
line and circle. As in euclidean geometry the straight line is 
a circle (of infinite radius) and as Euclid unconsciously made 
in his very first proposition the ‘assumption of the compasses,’ 
that “If a circle have a point within and a point without an- 
other circle, it has two points on this other” (Halsted, Rational 
Geometry, VI, 2), the world has had to await the coming of 
the non-euclidean geometry to become conscious of the fact that 
elementary geometry has been carrying a wholly unnecessary 
‘ rider.’ 
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The compasses may be superseded by the simpler “ trans- 
ferrer of line-segments,” for which the name “ sect-carrier” 
has been adopted. Thus without the circle or compasses all 
the problems of elementary geometry are solved in the first 
edition of Halsted’s Rational Geometry. But afremarkable 
additional simplification has now been achieved, and this paper 
makes public for the first time the simple demonstration which 
makes it available for the elements of geometry. This advance 
is the substitution of the set-sect for the sect-carrier. The 
transference of only a single sect need be assumed for the solu- 
tion of all the problems of elementary geometry. Consequently 
the power to take a centimeter on a given straight line is found 
to be assumption enough to supersede the circle, the compasses, 
and even the sect-carrier. Nothing now is needed but a ruler 
and a set-sect. 


5. The theorem discussed by Professor Hancock is stated by 
Weierstrass in the “Theorie der abelschen Funktionen” 
(Crelle’s Journal, volume 52, § 7; and Mathematische Werke, 
volume 1, page 349). 

By means of this theorem it may be shown that the 9-function 
may be expressed as the quotient of two series which are both 
convergent for all values of the variable; the same is true of 
the functions //®u —e, (A= 1, 2,3). It follows directly from 
Weierstrass’s theorem that the ¢-function may be expressed as 
a convergent series for all values of the variable. 

The different series are calculated and it is interesting to 
compare the results usually obtained from the well known 
theorem, also due to Weierstrass, that every one-valued function 
that has not an essential singularity in the finite portion of the 
plane may be expressed as the quotient of two power series which 
are convergent for all values of the variable. 

Weierstrass’s theorem is also generalized and applied to dif- 
ferential equations of a higher order. 


Professor Kasner discussed two genel ral questions of inter- 
est in connection with celestial mechanics relating to the geom- 
etry of dynamical trajectories. The first is suggested by the 
pre “A m of binary stars and Bertrand’s discussion of the inter- 
dependence of Kepler’ s laws. It is shown that two distinct 
fields of force can have only a certain multiplicity of trajec- 
tories in common. It is then possible to determine a field from 
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a minimum number of trajectories. In particular the new- 
tonian law may be deduced without assuming, as Bertrand 
does, that all the orbits are conics. 

The second part of the paper relates to the problem of n 
bodies and extends some of the results which hold for a single 
particle (see Transactions of the American Mathematical Society, 
1906, 1907). For example, the locus of the centers of the oscu- 
lating spheres, under prescribed initial conditions, is a cubic 
curve ; in the case of a single particle, on the other hand, it is a 
straight line. The results obtained are true for all interacting 
particles. 


7. Professor McMahon’s paper dealt with one of the stand- 
ing problems in two-dimensional fluid motion. A solution is 
here obtained by imagining a doublet placed midstream in a 
uniform current so that the line from the source to the adjoin- 
ing sink points in the direction of the undisturbed current. 
The appropriate stream function is determined to suit the boun- 
dary conditions by the image method, and it is shown that one 
of the stream lines breaks up into the median line of the chan- 
nel and a symmetric oval. The strength of the doublet can 
be so adjusted that this oval does not differ appreciably from a 
given circle when the latter does not occupy more than half the 
breadth of the channel. 


9. Professor Miller’s paper appeared in full in the February 
BULLETIN, pages 235-239. 


With the exception of those papers which appear upon the 
joint programme of Friday morning, as given above, the papers 
of Section A were presented in connection with the programme 
either of the Mathematical or of the Astronomical Society, ac- 
cording to the subject matter treated in each case. This 
arrangement was made in accordance with a resolution adopted 
at the Ithaca meeting to the effect that “the sectional com- 
mittee be empowered to turn over technical papers to the 
technical societies.” 

LAENAS GIFFORD WELD, 


Seeretary. 
THE STATE UNIVERSITY OF IoWA, 
Iowa City, Iowa. 
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ON A FINAL FORM OF THE THEOREM OF 
UNIFORM CONTINUITY. 


BY PROFESSOR E. R. HEDRICK. 


(Read before the American Mathematical Society, February 23, 1907.) 


Ir is one of the fundamental theorems of analysis that a 
function which is continuous in a closed interval is uniformly 
continuous in that interval. A natural generalization to any 
closed assemblage is plausible and has been proved by Jordan ; * 
again, an extension to a function of any number of variables is 
almost obvieus. Another and a less obvious generalization has 
occurred to the writer, of which a special case has been stated 
by Baire.f In the case of a function of one variable this may 
be stated as follows : 

Tet f(x) be a function defined on any assemblage (H) of 
values of x, and let (E) be a closed subassemblage of (H');t if 
the oscillation Q(x) is defined with respect to the values of f (x) on 
(HT; in the usual manner § and if Q(x) = k at each point of (FE), 
then, corresponding to any positive number e, there exists another 
positive number such that | f(x) — <k+e when is 
any point of (EF) and x is any point of (fH) for which 
— 

The nature of the extension will appear directly; at this 
point attention is directed to the final character of this result, 
in its application to any function for values assumed on any 
assemblage. 

The ordinary statements may be revised by use of the 
concept of oscillation, and it is desirable for what follows to do 
this. If a function f(x) is defined on any assemblage (#7) 
whose limiting ede form another assemblage (#"), the values 


* Jordan, Cours d’analyse, 2d ed., vol. 1, p. 48. 

T Baire, Thesis : “Sur ies fonctions de variables réelles,’? Annali di Matem., 
1899, p. 15; Baire, Lecons sur les fonctions discontinues, Paris, 1905 ; 
Borel, Lecgons sur les fonctions de variables réelles, Paris, 1905, p.27. Baire’s 
statement makes (H) a continuum and (E)—(#H). Seealso W. H. Young, 
Theory of sets of points, Cambridge, 1906, p. 218. 

¢ (2’ ) is the assemblage of all the limiting points of {H), 7. e., the first 
derived assemblage. It is not necessary that (£) be part of (H’), but the real 
content of the theorem is the same if this restriction is made. 

2 See 22. 
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of f(x) at points of (#7) near a point h’ of (Z7’), for example in 
the interval (h’ — 8, h’ + 8), have lower and upper limits 
which may be denoted by 


Ith’, (7), 8, f(z)] and Lfh’, (#), 8, f(x)], 
respectively, at least provided f(x) is limited on (H7).* Let 
w[h’, (1), 8, f(x)| = L be called the oscillation of on 
(#7) in the interval (h’ — §, h’ + 8). When there is no ambi- 
guity we shall write simply Li’, 8), Ui’, 8), o(h’, 8), respectively. 
Again, o(h’, 5) is never negative, and it does not increase with 
5; hence it has a lower limit Q(h’), which is defined at every 
point of (#7"). Q(h’) is also the difference between the lower 
limit of Lh’, 5) and the upper limit of /(h’, 8), which we shall 
denote by M(h’) and m(h’) respectively. 

It is evident that if (#7) is an interval a=2x =), f(z) is 
continuous at every point at which Q(~) = 0 and discontinuous 
at every point at which 0(~) + 0. 

Hence the ordinary theorem may be stated as follows: If 
(H) is an interval a = x = b and if Q(x) =0 for every x, then 
corresponding to every positive number e there exists another posi- 
number independent of x, such that (x, 8) whenever 

<4. 

Jordan’s form requires Q(x) =0 for every x in a certain 
closed assemblage (EF) of the interval, and shows that @(z, 8) <e 
for 5 < » if x belongs to (FE). 

3. The proof of the theorem stated in § 1 is now easy. For 
if Oh’) =k for all points h’ in (H7’) which belong to a closed 
subassemblage of (#7), then corresponding to the given 
and for a fixed point e of (£) we can surely select (e) depen- 
dent on e and such that 

wfe, (7), 5, f(z)] <<k+e whenever 0<5=7(e), 
since 2 is the lower limit of ». Suppose now that n(e) has a 
lower limit zero. Then there surely exists a monotone sequence 


lim = 0. 


Let é be the single limiting point of this sequence ; it lies in 
(£) since (F) is closed. Hence 


(7), 6, f(z)] <k+e whenever 


* Even this provision is unnecessary if one desires to introduce the ideal 
values + 00. 
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where 7 = 7(2). Let e, be any e, within the interval 
(é— 9/2, €+ 7/2); then surely we shall have 


(#7), 9? S@)] = o[é, (7), é, k + € 
whenever 6 < , 


which is in contradiction with the assumption that 7(e,,) neces- 
sarily approaches zero as m becomes infinite.* 

Let » denote the lower limit of n(e) for points e in (£). 
Since » + 0 and since (e)=7 for every e in (EZ) it follows that 


(HZ), 5, fx)] <k +e whenever0<S<7, 


where 7 is independent of e; and the theorem is proved: Jf 
J(x) is defined on (H), and if Q(x) =k for every x in a closed 
subassemblage (E) of (H’), then ofe, (H), 5, f(x)] <k+e 
whenever 0 <6 <1, where e is any point of (E), the order of 
choice being €, n, e. 

This restatement is somewhat clearer from the standpoint of 
the oscillation.t It is evident that the theorem and the proof 
may be stated for a function of any number of variables with- 
out essential modification of either the notations or the argu- 
ments. 


CoLuMBIA, Mo., 
February, 1907. 


* This conclusion may also be reached, but hardly more simply, by apply- 
ing an extension of Borel’s theorem (Borel, 1. c., p. 9) on the possibility of 
covering an interval by a finite number of intervals, if we first extend Borel’s 
theorem to fit the case of intervals enclosing the points of any closed assem- 
blage, as is obviously possible.—( Note, March 15.) My attention is called 
by Professor J. W. Young to the fact that this extension of Borel’s theorem 
is stated specifically by Veblen, BULLETIN, vol. 10, p. 436; and by W. H. 
Young, Theory of sets of points, Cambridge, 1906, p. 41. 

+ The oscillation in an interval, o(z, 5) approaches its limits 2(2) (the 
oscillation at a point), uniformly if 2(z)—0. A mistaken idea may suggest 
itself that » approaches its limit 2 uniformly in any case ; this is not true, 
as is seen in the case of functions which are continuous at least once in every 
interval and also discontinuous at least once in every interval ; the theorem 
stated is all the more remarkable on this account. 
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THE GROUPS GENERATED BY THREE OPER- 
ATORS EACH OF WHICH IS THE 
PRODUCT OF THE OTHER TWO. 


BY PROFESSOR G. A. MILLER. 
(Read before the American Mathematical Society, February 23, 1907. ) 


LET 8,, 8,, 8, represent any three operators of a finite group 


G which satisfy the three conditions 


8,8. =8, 8,8, = 8), 8,8, = &,. 


These give rise to the following equations: 


8,8,= 8,8, =8, 8,=8,, 8,8, =8, 8,=8,8, =8,. 


—a—!e —e g—!— 


3) 
From the first continued equation it follows that s, and s, 
transform each other into their inverses and have a common 
square. From the second and third similar results follow with 
respect to 8,, 8, and s,, 8, respectively. Hence 3,, s,, 8, are three 
operators such that each is transformed into its inverse by the 
other two. As any set of operators which fulfill the condition 
that each one is transformed into its inverse by all the others 
generates either the hamiltonian group of order 2* or the 
abelian group of this order* and of type (1, 1, 1, ---), it 
follows that s,, s,, 8, generate one of the following four groups: 
identity, the group of order 2, the four-group, or the quaternion 
group. ‘That is, if s,, s,, s, satisfy the three conditions imposed 
on them at the beginning of this paragraph, G must be one of 
these four groups, and it is evident that these operators may be 
so chosen that G' is any one of these four groups. 
If the given conditions are replaced by: 


88,28, 8,8, = by 
there results the following system of continued equations: 


8,8,=8; '8,=8, '8,=8,, 8,8,=8,8, =8,8, =8,, 8,8,=8, 8,=8,8; =8,. 


From the first one of these it follows that s, is transformed into 
its inverse by s, and that the two operators s,, s;'s, are of order 
2 since each of them is equal to its inverse. From the second 
and third it follows that s, is also transformed into its inverse 


* Quar. Jour. of Mathematics, vol. 37 (1906), p. 287. 


= 
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by s, and that s, is of order 2, as is also otherwise evident. 
Hence the group generated by s,, s,, 8, in this case is dihedral 
and its order is twice the order of s,. Moreover, it is evident 
that the order of s, is any arbitrary number, so that every 
possible dihedral group may be generated by three operators 
which satisfy the conditions given at the head of this paragraph. 

The two sets of conditions given in the preceding paragraphs 
differ only with respect to the order of the factors in the last 
equation. As the first one of these sets is transformed into 
itself by the cyclic group of degree three, it has only two conju- 
gates under this symmetric group. The second set has six 
conjugates under this group, since it is transformed into itself 
only by identity. Hence the two sets of conditions which 
have been considered are equivalent to the eight possible simi- 
lar ones obtained by permuting the three operators in every 
possible manner. This follows from the fact that the trans- 
form of any set of conditions has the same pruperties as the 
original set. The preceding results may therefore be stated as 
follows: If three operators are such that the product of any two 
is equal to the third, they generate either a dihedral group or the 
quaternion group. When the three equations obtained in this 
way do not admit the cyclic permutation of the operators, these 
operators generate a dihedral group, and every dihedral group 
can be generated by three such operators. When they admit 
this cyclic permutation, they generate one of the following four 
groups: identity, the group of order 2, the four-group, the 
quaternion group. 

The simplicity of these results seems to make them useful in 
the study of other group properties. The present study of the 
given relations is due to the fact that Professor Royce asked 
me recently for an instance in which group operators, or some 
physical or geometric transformations, were such as to satisfy 
the conditions given at the head of this note together with an 
additional condition. It follows from the above that the only 
case where three operators of order 4 satisfy these conditions is 
furnished by the operators of the quaternion group. 


UNIVERSITY OF ILLINOIS, 
February, 1907. 
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A TABLE OF MULTIPLY PERFECT NUMBERS. 


BY PROFESSOR R. D. CARMICHAEL. 


(Read before the American Mathematical Society, February 23, 1907.) 


A MULTIPLY perfect number is one which is an exact divisor 
of the sum of all its divisors, the quotient being the multiplicity.* 
The object of this paper is to exhibit a method for determining 
all such numbers up to 1,000,000,000 and to give a complete 
table of them. I include an additional table giving such other 
numbers as are known to me to be multiply perfect. 

Let the number N, of multiplicity m (m> 1), be of the form 


N= eee 
_ where p,, p,,---, p, are different primes. Then by definition 


and by the formula for the sum of the factors of a number, we 
have 


1 n 


Hence 
2 
2) 


These formulas will be of frequent use throughout the paper. 

Since 2-3-5-7-11-13-17-19-23 = 223,092,870, multiply 
perfect numbers less than 1,000,000,000 contain not more than 
nine different prime factors ; such numbers, lacking the factor 2, 
contain not more than eight different primes; and, lacking the 
factors 2 and 3, they contain not more than seven different 
primes. 

First consider the case in which N does not contain either 2 
or 3 asa factor. By equation (2) we have 


5.7.11.18.17.19.28 — 676039 
(3) 12°16 18°23 — 331776" 


Hence m=2; moreover seven primes are necessary to this value. 
Now, 5-7-11-13-17-19-23 =37,182,145. Therefore, since 
we are not to consider numbers greater than 1,000,000,000, 


*The name ‘“‘ multiply perfect’? was introduced by Lehmer, Annals of 
Math., ser. 2, vol. 2, p. 103. 


= 
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not more than one of the seven prime factors of N can occur to 
a power higher than the first. Then every numerator except 
one in the second member of* equation (1) will contain the 
factor 2, while the denominators are all odd. Therefore, since 
m now equals 2, it is clearly impossible to satisfy equation (1). 
Next consider the case in which N contains the factor 3 but 
not the factor 2. By (2) we may show that m= 2 or 3. The 
value m = 3 is readily excluded by the method of the last para- 
graph. Let us examine the case m=2. With the present 
values equation (1) becomes 
3% Pe 
+ +p,+1 


Since each denominator of (4) is odd the prime 2 can enter as a 
factor only once in the numerator of the second member. 
Therefore a, is even. If a, > 8 it is easy to show that N is 
ae than 1 ,000,000, 000. The primes introduced when 
= 8ora,= 6 in each case enable us to exclude these values 
with readiness. We have left then to consider only the values 
a, = 4,2. Our work will be abridged as much as possible. 

(1) If a,=4, we have p,=11. Itis then easy to show 
that a4,=2 or 4. (a) If a,=2, we have readily p, = 7, 
Pp, = 19, a4,=2, a, = 2, p, = 127. (6) If a, = 4, we have 
P; = 5, p, = 3221, a, = 1, p, = 179, a,=2. Both cases ex- 
ceed the limit. 

(2) If a, = 2, we have p, = 13. The possible values of a, 
are 1, 2, 4. (a) If a, =1, then p, = 7 anda,=2or4. If 
a, = 2, we have p, = 19, a, = 2, p, = 127, a, = 2, p, = 5419. 
If a, =4, p, = and a,>1. Both cases exceed the 
limit. (b) If a, = 2, we have p, = 6land a,=1, 2,3. The 
value a, = 3 is excluded by its bringing into the numerator of 
(4) too high a power of 2. If a, = 2, we have p, = 97,4, =1, 
pP;=7. Ifa, = 1, we have p, = 31, a, = 2, p, = 331. Both 
eases again exceed the limit. (c) If a,=4, p, = 30941, 
which at once makes N too great. 

This completes the discussion. No perfect number has been 
found. Hence 

There are no multipl perfect odd numbers < 1,000,000,000.* 


* There a are no odd n' numbers known to be multiply perfect. See Encyklo- 
pidie der Mathematischen Wissenschaften, vol. I, (IC1), p. 578. 


1907.] MULTIPLY PERFECT NUMBERS. 385 


If the number WN is even, it is easy to show from (2) that 
m > 6, and that if m = 6 nine primes are necessary. From 
the equation 2-3-5-7-11-13-17-19-23 = 223,092,870 we 
readily see that when N contains 9 different prime factors every 
such factor except 2 and 3 enters to a power not higher than the 
first and that 2 enters to a power not higher than the third. It 
is easy to show that these conditions do not satisfy (1); there- 
fore m > 5. 

Now N cannot contain 2 to a power higher than the fifteenth 
without going beyond our assigned limit. By the method illus- 
trated above for the case N odd and with the aid of the pre- 
ceding deductions, I have taken each value of a, from 1 to 15 
(a, being the exponent of 2 in the factors of N) and have thus 
determined all the multiply perfect numbers up to 1,000,000,- 
000. To insure accuracy I have also computed these numbers 
by another method depending upon certain results which I have 
not yet published. 

The first table below contains all the multiply perfect numbers 
up to 1,000,000,000. The second table contains certain such 
numbers above 1,000,000,000. These two tables embrace all 
the numbers known to the writer to be multiply perfect. Ac- 
cording to Mersenne 2” — 1 and 2””— 1 are prime; but since 
this result is uncertain I do not include in the table 2'°(2'” — 1) 
and 2*%(27" — 1) which are perfect if Mersenne is correct. 


TABLE OF ALL MuLttrepLty PERFEcT NUMBER 
BeELow 1,000,000,000. 


Number. Multiplicity. Number. Multiplicity. 
6 2 523776 3 
28 2 2178540 4 
120 3 23569921 4 
496 2 33550336 2 
672 3 45532800 4 
8128 2 142990848 4 
30240 4 919636480 3 

32760 4 


TABLE OF CERTAIN MuLTIPLY PERFEcT NUMBERS 
ABOVE 1,000,000,000. 
Number. Multiplicity. 
2° -3*-5-7-117-17-19 5 
2°.3-5-7-19-37-73 4 
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2'°. 3*-5-7-11?- 19-23-89 
2'8-3-11-43-127 

2".5-7-19-31-15i 
2".3-5-7-19-31-151 

2 . 3°. 5°. 7?-11-13-17-19-31- 43-257 
2°. 131071 

. 524287 

2” . 2147483647 

2® 2305843009213693951 


PRESBYTERIAN COLLEGE, ANNISTON, ALA., 
February, 1907. 
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THE SYMMETRIC GROUP ON EIGHT LETTERS 
AND THE SENARY FIRST HYPO- 
ABELIAN GROUP. 


BY PROFESSOR L. E. DICKSON. 


(Read before the Chicago Section of the American Mathematical Society, 
March 30, 1907.) 


THE set of all transformations 
G=1,2,3) 
j=! j=l 


with integral coefficients taken modulo 2 which leave invariant 
the quadratic form 


(2) En, + En, + Ens 


form a group G,, called the (total) senary first hypoabelian 
group. It is a subgroup of the senary abelian linear group. 
The order of G, is (Linear Groups, page 206) 


— 1)(2* — 1)24(2? — 1)2? = 


The object of this note is to prove that G, is simply isomor- 
phic with the symmetric group on eight letters. 

We make use of the subgroup J, of G, obtained as the second 
compound of the general quaternary linear homogeneous group 
@ modulo 2 (Linear Groups, page 208). The process is analo- 
gous to the formation of the determinant of the sixth order, 


| 
= 
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called the second compound of a determinant of the fourth 
order, by employing the 36 minors of order 2 of the latter. 
As shown by Jordan, Moore, and the writer, Q is simply 
isomorphic with the alternating group on eight letters (ef. 
Linear Groups, page 291). Forming the second compounds 
E, of the generators E,, ---, E, (loc. cit., page 291) of Q, we 


get 


2 03 000101 
000010 010000 000010 
100100 000101 000101 
010000 010000 000110 
E,=o001009 = E;=0 00100 
000010 000010 010100 
000101 001000 1 6-0 


the variables being &,, &,, &,, ,, in order. By a general 
property of the second compound group, Ej, ---, E; leave (2) 
invariant. By their origin, 

(56)(12), ~ (67)(12), ~ (78)(12). 


Let (12) ~ S, S having the notation (1). Since S shall be 
an abelian substitution of period 2, we have 


= B,, = Bis (ij = 1, 2, 3). 


y 


Then S is commutative with E{ if, and only if, 
Ni2 = =%Ny % = % + + 


The hypoabelian condition )£,6,,=0 now gives a,,= 0. 
Thus 7, = so that a,,=1, ¥,,=,+1. The hypo- 
abelian condition = 0 gives 2,,a,,=0. The resulting 


substitution S is commutative with KF; and £3 if, and .only if, 


| 

A 
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it has the form 


io: 
* 


1l+a, 0 0 1+a, Oy 


If a,, = 1, S, affects only &, and and hence leaves (2) in- 
variant only if it be identity or (&,,). The latter is not com- 
mutative with #3. Hence a,=0. Then S, is commuta- 
tive with EF) if, and only if, a,,= 1, 8,,=0. The hypoabelian 
condition on the second line gives y,, = 0. The resulting sub- 
stitution is 


Now > is seen to be commutative with H;, while 

is of period 2._ But > was shown to be of period 2 and to be 


commutative with Ej, ---, HE’. From these results and the 
fact that KE}, ---, EH, satisfy Moore’s generational relations* for 
the abstract form of the alternating group on eight letters, it 
follows formally that 


satisfy Moore’s generational relations (loc. cit.) for the abstract 
form of the symmetric group on eight letters. 

We can, of course, verify the last statement by direct compu- 
tation and hence establish our theorem independently of the 
theorems employed above. We have 


(6) Ext: &=1 

°°) mo: =§; 

(NFS: 

* Proc. Lond. Math. Soc., vol. 28 (1896), p. 357. Cf. Linear Groups, p. 287. 


(7) 


E 
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Thus the transpositions (12), (23), ---, (78) correspond to (4), 
(5), ---, (10), respectively. In the standard notations for abelian 
substitutions the latter are, respectively, 


32 
THE UNIVERSITY OF CHICAGO, 
August, 1906. 


DOUBLE POINTS OF UNICURSAL CURVES. 


BY PROFESSOR J. EDMUND WRIGHT. 


THE coordinates of a unicursal curve may be expressed as 
rational functions of a parameter. If we assume the curve to 
be of order n and use non-homogeneous coordinates, we have 


= a(r)/e(rA), y = (A)/ec(A), 
where a, 6, c are polynomials of order n in the parameter 2. 
For the double points two values of the parameter give the 
same values of x and y, and the usual method for their deter- 
mination consists in finding pairs of values of X and yw that 
satisfy the equations 


a(r)/e(A) = atu) /e(u), = 
After elimination of » from these equations and division ot 
the result by certain extraneous factors, an equation of order 
(n — 1)(n — 2) in 2 is obtained, and the roots of this equation 
combine in pairs to give the parameters of the $(n — 1)(n — 2) 
double points. The process of solution however involves the 
solution of an equation of order (n — 1)(n — 2). 

Suppose now that a, b, ¢ are polynomials in A with real 
coefficients, i. ¢., suppose the curve real, and write > + ip for A. 
Let a be A(A, + iw A'(A, and similarly for and c. It 
is clear that X + ip gives for (a, y) the value 


C+ipl’? C+ 
and that A — ip gives 

An ind’ 


= 
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These values are the same if 
A’C— AC’ BC-—BC 
OF 4+ 


It is at once clear that the common values of A, u satisfying 
A'C— AC’=0, BC— BC’=0 give the parameters A + ip, 
> — iu of the double points, and in addition the values of A, uw 
which make C= 0, C’=0. Also,a real pair of values of A, » 
corresponds to a real isolated double point, whilst a real crunode 
is given by A real and uw purely imaginary. In either case p? 
is real and the two above equations are in \ and y’; hence each 
real pair of values of A, yw’ gives a real double point and each 
imaginary pair an imaginary double point. For a ecruncde p? 
is negative, and for an isolated point it is positive. 

The number of intersections of C and C’ is a(n — 1), whilst 
the number of intersections of A’C — AC’ and B’C — BC’ is 
apparently (2n — 1)*. We shall now show that this number is 
in reality much less. 

Suppose that 


a(r) = + a" B(A) = bd" bv 


and write 
+ iv = r(cos + isin 8). 
Then 


A’'C — AC'= {[a," sin nO + ay" sin (n — 1)0 + ---] 
x [¢,7" cos nO + cos (n — + ---] 
— sin + er" sin (n — + ---] 
x [a,r" cos nO cos (n—1)0+---]} +7 sin 


sin 20 


2n—2 2n—3” 
= (a,¢, — a,¢,)r" (a,c, — @ Ly)! 


6 
— a6) + (a,¢, — 


sin 
sin sin 26] 


+ ---, etc., 
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= — + — 0462008 + 

plus terms of order lower than 2n — 5. 

Hence A’C — AC’ is of order 2n — 2 and has a multiple 
point of order n — 1 at each of the circular points at infinity. 
Similarly BC — BC’ has multiple points at the circular points. 
The number of other intersections of these two curves is therefore 

(2n — 2)? — 2(n — = 2(n — 
Of these n(n — 1) are accounted for, and there remain 
2(n — 1)? — 2(n —1) = (n —1)(n — 2). 

Now the equations contain only even powers of mu, and there- 
fore if A, w be one intersection, A, — is another. If pu’ be 
eliminated from them, and the extraneous polynomial in 2 aris- 
ing from C = 0, C’= 0 be divided out, there remains an equa- 
tion of order $(n—1)(n—2) for ».. To each value of r 
corresponds one double point. The corresponding value of yu? 
may in general be determined by elimination, and hence in gen- 
eral if be real the double point is real. 

As an example we consider the unicursal cubic 

ar? + ar? br? + br 
A+ ¢, “ON + 
A'C— AC’ + + a,¢,(3r7 — 
+ a,c,(r? + + a,¢,2r. 
BC— BC’ = + w’) + b,c,2r + 
The equations for » and pu give 
(1) bc(X? + pw?) + b,c,2r + b,c, = 0, 
(2) —4a,b,c?+ + + 2(a,5,¢, = 0. 
Hence 
+ 6,c, 2(a,b,c, — 
— 4a,¢,)b, 


is the equation for A, and the value of » from this equation, 
substituted in (1), gives the value of py’. 


BRYN MAWR COLLEGE, 
March, 1907. 
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THE MATHEMATICAL TABLETS OF NIPPUR. 


Mathematical, Metrological and Chronological Tablets from the 
Temple Library of Nippur. By H. V. Hivprecut. Vol. 
XX, part I, of Series A, Cuneiform texts, published by the 
Babylonian Expedition of the University of Pennsylvania, 
1906. Pp. xviii + 70 + (30 + xv) plates. Price, $5. 


Untiu the middle of the last century the mathematics of the 
Babylonians was practically a mystery to modern European 
scholars. It was asserted, it is true, in a general way by many 
writers on the history of the science that our sexagesimal frac- 
tions originated in the valley of Mesopotamia. Formaleoni of 
Venice had suggested as early as 1788 that these were due 
both to the ancient division of the year into three hundred and 
sixty days and to the properties of the regular hexagon. Even 
the Greeks had assigned these “fractiones physice,” as they 
were called in the middle ages, to the Babylonians, and before 
their use by such writers as Hypsicles and Ptolemy the story 
had long been current that Pythagoras had studied mathematics 
with the priests along the Euphrates, where the sexagesimal sys- 
tem was known. There were also numerous assertions in the 
later Middle Ages that even our Hindu-Arabiec numerals were 
due to the Chaldeans, the Kalda of the monument inscriptions, 
who overran and subdued Babylonia in the first millenium, 
B. c. It was this tradition that led Tonstall to say, in 1522: 
“Qui a Chaldeis primum in finitimos, deinde in omnes pene 
gentes fluxit,” and Recorde (c. 1542) to remark: “In that 
thinge all men do agree, that the Chaldays, whiche fyrste 
inuented thys arte, did set these figures as thei set all their let- 
ters. for they wryte backwarde as you tearme it, and so doo 
they reade.” 

All this was mere fiction, or but little more than tradition, 
and our knowledge of Babylonian mathematics may be said to 
have had but little scientific foundation until Rawlinson deci- 
phered two small and imperfect cylinders found in 1854 by W. 
K. Loftus at Senkereh, the ancient Larsam (Larsa), on the 
Euphrates, and now preserved in the British Museum. Dis- 
covering the meaning of the key word IB—DI, square, Rawlin- 
son was able to show that these cylinders contained tables of 
squares and cubes, written on the sexagesimal system. Pro- 
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fessor Sayce put the date of the cylinders between 2300 and 
1600 B. c., and thought that there had been a great library 
at Senkereh which would probably yield other mathematical 
material. Unfortunately this expectation has never been real- 
ized so far as Senkereh is concerned, although a few other sim- 
ilar cylinders have been found elsewhere. There has recently 
been uncovered at Nuffar (the ancient Nippur), however, a col- 
lection of unexpected richness, and particularly valuable for the 
light which the cylinders throw upon ancient mathematics. 
The excavations at Nippur began in 1889, and for eighteen 
years Professor Hilprecht has been connected with the work. 
He has examined, with more or less care, over 50,000 cunei- 
form tablets thus far excavated there, and has secured for Con- 
stantinople and Philadelphia the best treasures of what may 
have been a great temple library which the Elamites twice de- 
stroyed, viz., about 2150 B.c., and about 1900 B.c. Some 
of these tablets are brick textbooks prepared by teachers and 
possibly deposited with other works in the temple library. 
Some have the teacher’s model and the pupil’s copy, and still 
others seem to show the erasure of the latter’s work. At any 
rate, such are the dates and circumstances and interpretations 
which Professor Hilprecht assigns to his great discovery. 
There are not wanting, however, those who attack this view, 
some in a spirit of apparent fairness, and others with what ap- 
pears to be a spirit of somewhat captious criticism. It is 
claimed that the tablets have no literary value, and that there 
is no evidence of a temple library, since some of the cylinders 
come from one part of the ancient city and some from another. 
One writer even weakens his cause by offering the remark that 
the temple may have had a system of Carnegie branches. It 
is also said that several important tablets did not come from 
Nippur at all, and an Arab’s statement is taken against Pro- 
fessor Hilprecht’s argument to prove this fact. While it would 
seem to a layman in matters Assyriological that there may have 
been two libraries at Nippur, as there were at Nineveh, one old 
and the other of later date, and that the statement of an Arab 
trader would not have much weight in a scientific controversy, 
it is certain that the bickering over seventeen tablets out of 
some fifty thousand should not obscure the fact that here is the 
greatest discovery of all time relating to Babylonian mathe- 
matics. It is probable that, with the support of such eminent 
scholars as Professor Zimmern of Leipzig, Professor Hommel 
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of Munich, and Professor Winckler of Berlin, Professor Hil- 
precht will not feel that his labors have been in vain. With 
the whole controversy the student of mathematical history need 
have no concern whatever. Here are the cylinders ; they are 
genuine ; they are ancient ; they reveal the science of Baby- 
lonia of the second or third millenium B. c., and whether 
there was a temple library, or whether an Arab told the truth, 
is from the mathematical standpoint a consideration of no 
moment. 

It is the result of a study of over forty mathematical cylin- 
ders that appears in the volume under review. These cylinders 
include multiplication and division tables, tables of squares and 
square roots, a geometric progression, a few computations, and 
some work on mensuration. 

The multiplication tables are all arranged on the column 
plan, the same that was used by the medieval Italians in their 
“per colonna” operations. They also resemble the Italian 
tables in that the multiplicands are not successive, the European 
tables giving only those products needed for the current meas- 
ures. Professor Hilprecht feels sure that this reason did not, 
however, influence the Babylonian mathematicians, although 
this hypothesis might easily be in harmony with his discovery 
that the multiplicands are all factors of 60*. The tables are 
carried much farther than those found in medieval Europe, the 
multiplicands extending to 180,000. 

More valuable than the multiplication tables are those of 
division, and of these the cylinders numbered 22 and 25 are 
the most interesting. In the former the quotients of 60* by 
1, 2, ---, 18 are given, as follows: 


IGI 1 GAL-BI 8,640,000 A-AN 
IGI 2 GAL-BI 6,480,000 A-AN 
IGI 3 GAL-BI 4,320,000 ete. 


The meaning will be understood by knowing that IGI-GAL 
(literally, ‘having an eye,” hence the decider, determinator, 
denominator) means, practically, the divisor or simply “ divided 
by”; that BI means “its,” and refers to the dividend, which 
in this case is the mysterious 60*; and that A-AN means 
“each.” Hence the second line may be translated, “‘ 60* di- 
vided by 2 = 6,480,000 each.” In other words we have here 
the equivalent of a table of unit fractions of 60*, in which the 
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first is not 1, but 2. Now why, asks Professor Hilprecht, was 
2 thus indicated as a multiplier? In reply, it seems not un- 
reasonable to consider the correspondence between these Baby- 
lonian remains and the Egyptian mathematics of the (nearly) 
contemporary Ahmes. This at once throws a good deal of 
light upon both of the cylinders here discussed. This No. 22 
simply means the first’ fraction of 60* is 8,640,000 ; the second, 
6,480,000, and so on. Now this first fraction in the Egyptian 
hieroglyphic and hieratic systems seems, from Ahmes, to have 
been 3, the only non-unit fraction known to him, and apparently 
the first one known to the Babylonians. It was the only one, 
save }, to have a special symbol in Egypt, and it probably had a 
special name, at least, in Babylonia. The very fraction name, 
IGI-GAL, “having an eye,” suggests the eye-shaped fraction 
symbol of the Egyptians, and raises the question whether the 
original might not have been an eye instead of 70, a mouth. 
Nevertheless it must be admitted that the tablet in question 
does not contain the well-understood cuneiform fraction sym- 
bols for 4, %, etc., and that there is, therefore, no direct con- 
nection between it and the Ahmes manuscript. As to the 
fraction symbol, too, the relation between the form of eye and 
mouth is probably merely fanciful, although the Semitic (as dis- 
tinguished from the Sumerian) Babylonian and the Hebrew 
both use “mouth” for fraction, as the Egyptians did. Thus 
the Babylonian for 3 is shinipu, probably from sind (two) and 
pt (mouth), the “ two-fraction,” a form also found in Hebrew. 

The most interesting of all the cylinders, however, is No. 
25, which is transliterated as follows : 


Linel: 125 720 Line 9: 2,000 18 
2: IGI-GAL-BI 103,6 10: IGI-GAL-BI 6,480 
3: 250 360 11: 4,000 9 
4: IGI-GAL-BI 51,840 12: IGI-GAL-BI 3,240 
5: 500 180 13: 8,000 18 
6: IGI-GAL-BI 25,920 14: IGI-GAL-BI 1,620 
7: 1,000 90 15: 16,000 9 
8: IGI-GAL-BI 12,960 16: IGI-GAL-BI 810 


Of this Professor Hilprecht has, with much ingenuity, un- 
raveled part of the meaning, viz: that 60* + 103,680 = 125, 
which accounts for two figures in lines 1, 2, and similarly for 
other pairs. He also notices that 125 = 2-60 + 5, and that 


| 
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3,600 + 5 = 720, and similarly for other odd numbered lines. 
Now is there any further explanation? In reply it may be 
noticed that the unit fraction already mentioned, a form met 
not only among the Egyptians but among the early Greeks and 
other peoples about the Mediterranean, may have played a 
part hitherto unrecognized among the Babylonians. This is 
also seen in the table on page 27, where certain unit fractions 
of 195,955,500,000,000 are given, and in numerous other 
laces. Therefore instead of lines 1, 2, meaning 60‘: 
103,680 = 125, the interpretation may be as follows: 


1 
60? 103,680 °° = 12° = 30 + 720° 


That is, lines 1, 2 give the important numbers in connection 
with all these unit fractions, viz.: 125, 720, and 103,680, as- 
suming, of course, that the computer knew the nature of the 
problem with respect to the powers of 60. In the same way 
lines 3, 4 may mean 


| 1 
60? 51,840 = Gor 2°° = 15 + 360° 


and so on. In every case the denominator of the last unit 
fraction is given. E. g., lines 7, 8 give the unit fractions 
gs tas t+ fs + dy; lines 9, 10 give $+ 4, and soon. All 
of the unit fractions save the last are readily seen, at least after 
the initial ,', is found, so that only the last denominator seemed 
necessary. It is evident, however, that the cylinder does not 
actually contain these unit fractions, and the explanation here 
suggested may be far from the true one; but it is consistent, 
and if not exact it seems to show at least a connection between 
the number concepts of Babylonia and the Mediterranean coun- 
tries. Moreover the cylinder has three other features of in- 
terest: (1) Passing from lines 7, 8 to 9, 10 the fractions (if we 
consider them as such) would become, following an apparent 
law of doubling, °; + 7;; but, to maintain the unit fraction 
idea, they are written } + ;/, the denominator 18 appearing in 
line 9, all of which recalls the Egyptian treatment ; (2) The 
table gives both an increasing and decreasing geometric pro- 
gression; (3) It is evidently based upon 60‘ = 12,960,000 
which, as Professor Hilprecht notes, underlies all the mathe- 
matical texts described in this work, and which is nothing less 
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than the mystic Platonic number, the “lord of better and worse 
births,” the number of days in the “ magnus Platonicus annus ” 
of 36,000 years (of 360 days each), and the number at the basis 
of all the multiplication and division tables of Nippur, Sippar, 
and the library of Ashurbanapal. 

The historic interest in this Platonic number does not relate 
to any extent to the supposed mysticism involved in it, but to 
the fact that Plato not improbably received it from the Pytha- 
goreans, and they from their master the tradition of whose so- 
journ by the Euphrates is thus in some slight degree confirmed. 
At any rate, the whole matter seems to show a relation between 
the East and the West, both in the underlying idea of the unit 
fraction and in the number mysticism of the ancient philosophers. 

A further debt which historians of mathematics owe to Pro- 
fessor Hilprecht arises from his contribution to the subject of 
ancient geometry. The results of his investigation of several 
cylinders on mensuration, together, no doubt, with the Scheil- 
Eisenlohr investigation * of the Ine-Sin tablet show “that at 
this early period the Babylonians must have been familiar with 
the following theorems: 1. The area of a rectangle is equal to 
the product of its base and altitude. 2. The area of a square 
is equal to the square of its side. 3. The area of a right tri- 
angle is equal to one-half the product of its base and altitude. 
4, The area of a trapezoid is equal to one-half the sum of its 
bases multipled by its altitude.” He also shows that they must 
have known either how to find the volume of a parallelepiped 
(and hence a cube) or else of a circular cylinder (and hence the 
area of a circle). 

Still another inference of great importance, and supported 
by evidence that seems sufficient, is that the Babylonians knew, 
in some form or other, the law of the expansion of (a + 6)’, 
although whether this was derived through a study of geometric 
forms or by induction with numbers, it is impossible as yet to 
tell. 

A final point of much interest may be mentioned, viz., the 
fact that the subtractive principle of the Romans is also found 
in the Babylonian remains. The Romans spoke of nineteen as 
“ undeviginti,” writing it as IX-X or XIX, and Professor Hil- 
precht gives no less than twelve cuneiform methods of indi- 
cating the same idea (20-1). It seems to be certain that the 


* Ein altbabylonischer Felderplan nach Mittheilungen von F. V. Scheil, 
herausg. u. bearb. von A. Eisenlohr, Leipzig, 1896. 
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Babylonians applied this principle to 2 as well as 1, and even 
to higher numbers. 

The work is illustrated by numerous drawings of mathemat- 
ical tablets, and by a series of carefully executed photographic 
plates. 

Altogether there has not appeared since the publication of 
the Eisenlohr translation of Ahmes such a valuable contribu- 
tion in the way of source material for the study of ancient 
mathematics. It is earnestly to be hoped that Professor Hil- 
precht will continue in this important line, and that he will be 
able to assist still further in clearing up a number of vexed 
questions relating to the early mathematics of Mesopotamia. 
In particular it would be helpful if he could throw some light 
upon ancient calculation,* upon the Babylonian abacus (if one 
existed), and upon the relation (if any) between the number 
names of Phoenicia, Egypt, and Babylon. It is also to be hoped 
that he may succeed in giving us some information about the 
mathematics of the Shumeri(?), those non-Semitic inhabitants 
of the Euphrates valley whose language, the Sumerian, should, 
in the natural course of events, have influenced the mathemati- 
eal terminology of much of the ancient world. It is to these 
people that there seems due some of the first work in mathe- 
matics and astronomy, and it is probable that the sexagesimal 
system itself had birth among them. 

Davin EvGeENeE Situ. 


OSGOOD’S THEORY OF FUNCTIONS. 


THE BULLETIN has received for review both parts of the first 
volume, now completed, of Professor W. F. Osgood’s Lehrbuch 
der Funktionentheorie (Leipzig, Teubner, 1905 and 1907). 
Pending the publication of a critical review, which is in prepa- 
ration, we present herewith the author’s own lucid and inter- 
esting summary of the contents, translated, with Dr. Osgood’s 
permission, from the preface. 


In the first volume of this work it is our purpose to develop 
systematically the theory of functions upon the basis of the 
infinitesimal calculus, in intimate contact with geometry and 
with mathematical physics. The first special developments are 


* His cylinder 25a may, when fully deciphered, contribute something. te 
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found in the second section, Chapter 6, page 179 ; they concern 
principally functions that are singly valued in a given region of 
the plane and that possess a derivative. In connection with 
these are discussed the elementary functions for complex values 
of the argument and the linear transformations of a com- 
plex variable. As would be expected, conformal depiction is 
given a leading position at the very outset. After these pre- 
liminaries the Cauchy integral theorem is introduced, and with 
it the whole cycle of related theorems which form the natural 
foundation for the theory of functions. Among the matters 
here treated are found the Weierstrass theorems upon series 
and an investigation of the properties of rational functions. 

The eighth chapter is devoted to the theory of multiply 
valued functions, and gives a geometric treatment of Riemann 
surfaces, that is, a discussion employing the fruitful method of 
conformal] depiction. With the ninth chapter, on analytic con- 
tinuation, the foundations of the theory of functions reach a 
certain degree of completeness. 

Next follow applications of the theory to periodic functions, 
a discussion of developments in series and in products, with a 
chapter on the elementary functions from the point of view of 
the general theory. The volume closes with an independent 
theory of the logarithmic potential, devoted to setting forth the 
view that the entire theory of functions could be developed 
upon this basis, without any reference to the preceding chap- 
ters. The theory of analytic functions of more than one vari- 
able, and the subject of definite integrals, could not be reached 
in the limits set for this first volume. 

The infinitesimal calculus forms, as we see, together with a 
portion of the theory of point sets, the ground work for our 
analytic structure. There has been for many years no dearth 
of rigorous expositions of this part of analysis: In most of 
these, however, the theory of real functions appears as an end 
in itself, and consequently definitions and theorems are formu- 
lated in greater generality than is needful for the theory of com- 
plex functions, while the methods are left to be deciphered out of 
epsilon proofs. Here, on the contrary, it has been my princi- 
pal aim to set forth the theory of complex functions in a form 
suited even for a first reading and joining closely to the calculus 
of infinitesimals. On this account I found it desirable to collect 
in the introductory chapters, in the simplest possible formula- 
tion, the fundamental propositions of the analysis of reals ; and 
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to explain with the extreme of clearness the methods of proof 
used in modern analysis. In Chapter 5 will be found certain 
more special investigations of point sets, indispensable for a 
satisfactory development of the subject. 


To go into matters of detail, let me allude first to the geo- 
metric method of treating uniform convergence in the case of 
real functions (Chapter 3). By geometric intuition, employing 
curves and their related areas and tangential directions, we ob- 
tain a useful insight into the nature of the double limit process ; 
and without an exact knowledge of this one can never attain 
to a thorough understanding of analysis. 

In Chapter 7 I discuss the Weierstrass theorems on series 
by the aid of a theorem due to Morera, which allows a decided 
simplification of the proofs. The theorems themselves be- 
come more perspicuous by the discarding of what was non- 
essential, namely the frequent reference to power series; for 
in fact the most important of them relate primarily to functions, 
and it is here of no moment whatever that those functions hap- 
pen to be developable by Taylor’s theorem. Regarding power 
series indeed, it would be possible to go much further. It may 
not be generally known that the development in Taylor’s series 
can be omitted completely from the fundamentals of the theory 
of functions ; that indeed the proofs would be simpler if we were 
to use solely the analogue of the mean value theorem of differ- 
ential calculus. On practical grounds, however, it is better not 
to banish that series entirely, for it serves to give the beginner 
practice in dealing with series in general. 

On Riemann surfaces, Chapter 8 follows as a model Klein’s 
presentation in his Leipzig lectures of 1881-82, making use 
also of a supplementary theorem due to Darboux (§5) on con- 
formal depiction in extenso. To the theory of analytic continua- 
tion, in Chapter 9, I have devoted a more elaborate exposition 
than is usual, because it involves a throng of questions which 
must be settled with scrupulous care if the theory is to maintain 
at this point the same high level of rigor as elsewhere. For the 
same reason the developments of Chapter 5, §§ 3-10 (point sets) 
were requisite. 

Among the earliest applications of the Cauchy theory were 
Liouville’s lectures of 1847 upon doubly periodic functions. 
Even to this day indeed one can do no better, for the purpose 
of producing an adequate knowledge of the theory, than to dis- 
cuss in detail this special class of functions. 
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It is doubtless the general custom to start out from arithmetic 
and geometry to explain the elementary functions. The theory 
of these functions can be rendered, however, simpler and more 
interesting if we lay down first the definition of the logarithm 
as an integral, and base upon this the powers and the exponen- 
tial function. On the other hand, if one undertakes to treat 
trigonometric functions analytically, then the natural basis is 
given by the linear differential equation for the simplest case of 
vibration, simple harmonic motion. Neither of these plans is 
new; what I have attempted is their execution in a simple 
and systematic manner. 

As regards the literature, let me refer tomy Report: ‘“ Gen- 
eral theory of analytic functions a) of one and 5) of two or 
more complex quantities,” in the Encyklopaidie der mathema- 
tischen Wissenschaften, II, B1. In the present work I give 
few references to fundamental memoirs on the theory of func- 
tions, but have added references to special research papers not 
mentioned in the Encyklopidie article. These references lay 
no claim to completeness. 

The arrangement of material is logically systematic. It is 
not, however, the only possible order for an introduction to 
function theory. For example, one might begin, as Klein has 
done, with Riemann surfaces, discuss briefly the Cauchy in- 
tegral theorems, and then proceed to integrals upon Riemann 
surfaces (abelian integrals). Such an arrangement of material 
has this advantage, that the difficult parts of analysis are post- 
poned, while the student begins with subjects more directly re- 
lated to geometry than to analysis. A third arrangement, dif- 
ferent from both, is found in French works, for example in 
Humbert’s Cours d’analyse. 


[The preface closes with acknowledgments to technical assis- 
tants and to the firm of Teubner.] 
H. 8S. Wuire. 
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Arithmélique Graphique. Introduction a l’ Etude des Fonetions 
Arithmétique. Par G. Arnoux. Paris, Gauthier-Villars, 
1906. xx + 225 pp. 


Tus is the second of two volumes published by the author 
under the general title Arithmétique graphique. The first of, 
these appeared in 1894 with the special title Les espaces arith- 
métiques hypermagiques. It has to do with magic squares, 
cubes, ete., but its methods are those of the theory of numbers. 
While it was still in press an abstract of it was presented to 
the Société mathématique de France by C. A. Laisant,* who 
was so impressed with its methods that he made the following 
prophecy: “II y a en effet une telle originalité, une telle puis- 
sance d’invention dans les méthodes dont il s’agit, que je serais 
bien étonné si l’arithmétique n’arrivait pas quelque jour a les 
utiliser, soit pour obtenir des démonstrations plus simples de 
vérités connues déja, soit pour découvrir des vérités nouvelles.” 

The starting point of Arnoux’s method is the definition of a 
modular arithmetic space. A one-dimensional arithmetic space 
of modulus m consists of the m points of a straight line whose 
coordinates are 0, 1, 2, ---, m—1. A two-dimensional arith- 
metic space consists of the m? points of a plane whose cartesian 
coordinates are the m? pairs of the integers 0, 1, 2, ---, m— 1. 
The extension to three or more dimensions is obvious. An 
arithmetic space of modulus m may be thought of as a finite 
geometry that corresponds to the finite algebra of integers 
modulo m. An arithmetic straight line in a two-dimensional 
arithmetic space consists of the m points whose coordinates sat- 
isfy a linear congruence of the form ax + by + e=0 (mod m).+ 
The points of such a line do not in general all lie on a euclidean 
straight line but there is a close connection between the 
two. For those points of a euclidean plane whose coordi- 
nates are integers may be arranged in an infinite number of 
arithmetic spaces of modulus m by reducing the coordinates 
modulo m. A euclidean straight line determined by two 
points A and B of one of these modular arithmetic spaces will 


* Bulletin de la Soc. Math. de France,vol. 22, pp. 28-36. 
+ Arnoux gives an equivalent definition in terms of the function az by 
and the modulus m. 
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cross an infinite number of other such arithmetic spaces, but it 
will contain only m points that have different pairs of coordi- 
nates. The points of the given arithmetic space that have 
these m different pairs of coordinates are the m points of the 
arithmetic straight line determined by A and B. An arith- 
metic plane in a modular arithmetic space of three dimensions 
consists of the m(m + 1) points whose coordinates satisfy a con- 
gruence of the form ax + by + ez+d=0(modm). An arith- 
metic line in such a space consists of the points common to two 
arithmetic planes. 

The most interesting arithmetic spaces are those in which the 
modulus isa prime number jp, for in the finite algebra of integers 
modulo p the formal laws of addition, subtraction, multiplica- 
tion and division are as in ordinary algebra. Arnoux’s use of 
these finite geometries for the construction of magic squares is 
quite original and well worth reading. 

The book under review is an attempt to illuminate the theory 
of arithmetic functions by the use of modular arithmetic spaces 
which furnish a means of graphical representation and make it 
possible to use the convenient language of geometry, but in the 
reviewer's opinion it fails to fulfill the prophecy of Laisant 
quoted above. 

The book is very well described by its author in the first sen- 
tence of the preface in these words: “Ce livre n’est point un 
traité didactique sur les fonctions arithmétiques, mais plutdt 
une simple causerie sur ce sujet si intéressant et si peu connu.” 
This precludes many criticisms that might otherwise be made, 
for it is not a good book for a beginner in the subject although 
it is described in the title as an introduction to the theory of 
arithmetic functions. The method throughout is largely syn- 
thetic and inductive. The many tables and the special cases 
used in leading up to the proofs of theorems make the number 
of pages large for the subject matter treated. The use of 
modular arithmetic spaces is interesting but not so effective as 
it was in the author’s earlier work on magic squares in which 
these finite geometries played such an important part. 

W. H. Bussey. 
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Studien iiber die Methoden von C. Neumann und G. Robin zur 
Léisung der beiden Randwertaufgaben der Potentialtheorie. 
Von Ernst RicHarD NEuMANN. Leipzig, Teubner, 1905. 


This work was submitted to the Jablonowski Gesellschaft of 
Leipzig in 1902 in response to the wish of the society “ that 
the investigations of Poincaré’s memoir entitled ‘La méthode 
de Neumann et le probléme de Dirichlet,’ 1896, be in some 
particular essentially completed,” and was awarded the prize 
offered. The author sets himself the task of establishing the 
convergence of the series obtained by C. Neumann and Robin 
for a region bounded by a surface which is not necessarily con- 
vex and for boundary values of which continuity alone is de- 
manded. In doing so, however, his first object is complete 
rigor and uniformity of method of proof. The method em- 
ployed is based upon the integrals used by Poincaré of the type 


Ox Ox © Oy Oy Oz Oz 


applied to the successive potentials of C. Neumann and Robin 
and also to the “ polar potentials” introduced by the author in 
a note in the Géttinger Nachrichten, 1899, page 291. These 
polar potentials are simply the successive Neumann and Robin 
potentials that would arise in forming the Green functions for 
the two corresponding problems, and their introduction goes 
far toward unifying and simplifying the discussion. Using 
them, together with his two theorems of the “ constancy of the 
moment” (see pages 450-51, also Mathematische Annalen, vol- 
ume 54, page 40), the author succeeds in establishing the limits 
which the terms, or more strictly in the case of the Neumann 
series, pairs of terms of his series approach (pages 112-114), 
but quite without establishing any criteria for the rapidity of 
approach necessary for a convergence proof. To attain this he 
finds it necessary to make use of a “ Poincaré principle,” 
namely that if U be the potential of any simple distribution 
on the boundary surface o, the total mass being 0, then the 
ratio of the value of the integral 


(2U\'], 


when extended over the space outside o to its value when ex- 
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tended over the space within o lies between two constants greater 
than 0. All the usual results with respect to the series follow 
immediately. But uniformity and rigor have been sacrificed, 
for it is explicitly stated that the question of the proof of the 
above theorem is left open. In Poincaré’s work it is derived 
on the basis of certain “ Poincaré transformations,” without ap- 
peal to Dirichlet’s principle, and E. R. Neumann’s work de- 
serves credit for crystallizing the difficulty of the situation in 
this one theorem, particularly in view of the fact that for a large 
class of surfaces it has been proven (Korn: Lehrbuch der Poten- 
tialtheorie, I, pages 241 and 245), and further generalization is 
probably possible. 

The results desired by the Jablonowski Gesellschaft have on 
the other hand since been attained in a more far reaching man- 
ner through Fredholm’s work, especially in its application by 
J. Plemelj (Monatshefte fiir Mathematik und Physik, volume 15, 
1904). The matter of convergence is completely settled and 
interest in the work of the more immediate followers of Poincaré 
becomes historical in its nature, with the important exception 
of certain studies of the behavoir with respect to continuity of 
surface distributions and their derivatives, upon which the 
Fredholm method for the potential problems also depends. The 
present work is of value in both respects and is moreover to be 
commended for its style and arrangement. 

O. D. KELLoae. 


Vorlesungen iiber mathematische Naherungsmethoden. By Dr. 
BreERMANN. Braunschweig, Friedrich Vieweg und 
Sohn, 1905. 227 pp. 


“Tn recent years much has been done to meet the require- 
ments of those who find it necessary to make use of mathe- 
matical methods, and it is therefore surprising that as yet no 
book exists which treats of methods of approximation in mathe- 
matics in clear and concise form and so as not to require much 
preliminary mathematical knowledge.” This, the first sentence 
of the preface, indicates clearly the object with which the book 
under review was written. We may say at once that it fulfills 
this object admirably. 

The book is divided into six parts treating respectively of : 
I, calculation with exact and approximate numbers ; II, nu- 
merical computation in higher analysis ; III, the approximate 
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solution of equations ; IV, interpolation and the calculus of 
finite differences ; V, application of the methods of interpola- 
tion to approximate quadrature and cubature; VI, certain 
mathematical instruments. It is indeed a startling fact that 
until now there should be no book devoted to a connected ex- 
position of these topics. Much of the material here collected 
can of course be found elsewhere. The use of infinite series in 
numerical calculations (II) is discussed in works on higher alge- 
bra and in books devoted exclusively to such series ; graphical 
methods for solving equations (V) are treated in many books on 
algebra and the theory of equations ; we have treatises, large 
and small, on the calculus of finite differences and methods of 
interpolation ; and approximate methods of integration are dis- 
cussed more or less adequately in many of the standard texts 
on the calculus. But that a connected treatment of such topics 
is desirable needs no argument. 

Now that such a treatment exists, however, an argument in 
the opposite direction presents itself forcefully : we need more 
of the material of this little treatise in our elementary text- 
books. Much of what is contained in part I, on computation 
with approximate numbers — obtained from measurement, or 
from exact numbers by approximate processes of calculation — 
should be contained in our texts on trigonometry, where the 
student first meets seriously the problem of numerical compu- 
tation with approximate data. It is manifestly absurd to 
carry out the computation of the hypotenuse of a right-angled 
triangle to three decimal places when the two sides have been 
measured only to within the nearest tenth. Yet such things are 
done continually in the majority of our present texts. We be- 
lieve also that the graphical and other approximate solutions 
of equations and approximate methods of integration should 
receive more adequate treatment than is usually accorded them 
in our elementary courses. If the answer is made that there 
is no time for such things, we would suggest that it might be 
worth while either to sacrifice some of the topics of more special 
theoretical interest, or to establish separate short courses on 
“approximate methods” covering some such ground as does 
the text under review. 

Returning to the latter, the combination of clearness and 
simplicity of presentation with rigor of treatment is admirably 
done. The stickler for mathematical precision will find little 
to criticise, while the seeker for “practical” information will 
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find the text unencumbered with logical subtleties. Much of 
the contents, moreover, is of recent date, as is evidenced by 
the numerous references to journals. 

J. W. Youne. 


La Statique Chimique, Basée sur les deux Principes Fondamen- 
taux dela Thermodynamique. Par E. Artes. Paris, A. Her- 
mann, 1904. viii + 251 pp. 


Tuat the investigations of Willard Gibbs on the purely 
theoretical side of physical chemistry have taken a vital place 
in recent French researches whether on the theoretical or prac- 
tical side of the subject is due partly to the seed sown long 
ago by the pioneer Massieu and later assiduously cultivated by 
Duhem, partly to the translations of Gibbs’s memoirs by Le 
Chatelier and Brunhes, and partly no doubt to the Frenchman’s 
natural admiration and love for a logically developed theory. 
Ariés in his work on chemical statics shows traces of Massieu, 
of Duhem, and particularly of Gibbs. In fact, although his 
notation is not at all that of Gibbs, his ideas are by his own 
admission largely taken from him. 

The book under review is an excellent account of the more 
important results of the theory of chemical equilibrium. As such 
books are not numerous and as the original memoirs of Gibbs 
are not always easy reading, Ariés’s volume cannot help but be 
a very useful addition to the literature of the subject. After 
presenting the fundamentals of the theory, the author takes 
up in separate chapters several different applications. We may 
mention: Change of state and analogous phenomena, some types 
of dissociation, solutions, monovariant systems, the separation 
of mixed liquids, mixed gases in equilibrium with mixed liquids, 
perfect gases, the law of Dalton and Gibbs’s principle, dilute 
solutions, and osmosis. 

From this partial list of the subjects treated it will appear 
that we have here a tolerably complete and systematic account 
of those parts of theoretical physical chemistry which are likely 
to be of greatest use to the reader. It is well to mention that 
in many instances the illustrations and discussions of the author 
may serve as elucidations of parts of Gibbs’s work which on 
account of their very generality are difficult. of comprehension. 
In particular we should like to call attention to the theory of 
gaseous equilibria and the principle of Gibbs, chapters XIT and 
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XIII. The statement of the principle of Gibbs and its bearing 
on the behavior of gaseous mixtures is treated with exceptional 
clearness, and the fundamental fact that the theory of such 
mixtures depends on only three laws (those of Mariotte, Joule, 
and Gibbs) is so emphasized that no reader can miss it or fail 
to see its significance. 


E. B. WItson. 


NOTES. 


THE opening (January) number of volume 29 of the Amer- 
ican Journal of Mathematics contains the following papers : 
“The groups which contain less than fifteen operators of order 
two,” by G. A. MiLLeR; “Concerning the improper definite 
integral,” by N. J. LENNEs; ‘‘On the congruence of axes in a 
bundle of linear line complexes,” by O. P. AKERS; “On septic 
scrolls having a rectilinear directrix,’ by C. H. Sisam. This 
number also contains a portrait of Professor Davip HILBERT, 
of the University of Gottingen. 

The April number contains: “ Beitrige zur nicht-euklid- 
ischen Geometrie, I, II, III,” by E. Srupy; “Certain triply 
orthogonal systems of surfaces,” by L. P. E1IsENHART. 


Tue April number (volume 8, number 3) of the Annals of 
Mathematics contains: “‘ Note on the use of group theory in 
elementary trigonometry,” by G. A. MILLER ; “ The asymptotic 
lines on the anchor ring,” by M. B. Waite; “On certain 
theorems of mean value for analytic functions of a complex 
variable,” by D. R. Curtiss ; “ Note on regular polygons,” by 
C. A. Scorr ; “ The revolution of a dark particle about a lumi- 
nous center,” by E. B. Wiison. 


At the meeting of the London mathematical society, held on 
March 14, the following papers were read: By G. W. Evans- 
Cross, “ Exhibition of a new calculating machine”; by T. 
Sruart, “On the reduction of the factorization of binary sep- 
tans and octans to the solution of indeterminate equations of 
the second degree” ; by L. E. Dickson, “ Invariants of the 
general quadratic form modulo 2”; by J. BRix1, “On partial 
differential equations of the first order.” 
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THE regular spring meeting of the Association of teachers 
of mathematics in the Middle States and Maryland was held at 
Teachers College, Columbia University, on Saturday, April 6, 
1907. The following papers were presented : By W. H. Matr- 
BIE, “ Zero and infinity ” ; by Gzorce H. Hauert, “Some 
problems in the teaching of elementary mathematics” ; by D. E. 
Smitu, “ The history of computation,” with stereopticon illus- 
trations ; by W. E. Srark, “ The use of certain ancient instru- 
ments in the modern teaching of geometry and trigonometry,” 
with stereopticon illustrations. 


At the meeting of the Rochester section of the Association 
of teachers of mathematics in the Middle States and Maryland, 
held at the University of Rochester on April 13, 1907, the 
following papers were read: By W. P. Durreg, “ Ele- 
mentary algebra”; by M. M. Warpwet., “ Elementary 
algebra as a preparation for the study of algebra”; by E. D. 
GraBER, “Graphical representations in algebra” ; by C. C. 
Witcox : “ The method of limits.” 


THE list of members of the Deutsche Mathematiker Ver- 
einigung, published in the January number of the Jahresbericht, 
contains 690 names, including 63 Americans ; the financial re- 
port shows a credit of nearly 20,000 marks. The Vereinigung 
is now completing its seventeenth year, having been founded in 
1890 at the Bremen meeting of the society of German natural- 
ists and physicians. It immediately began the publication of 
the Jahresbericht, which contained each year in addition to the 
list of members, the financial statement, and an abstract of the 
papers read at the annual meeting, a comprehensive report 
of some branch of mathematics. Twelve well-known reports 
have now appeared in ten volumes of the first series, and an- 
other will soon be issued. In 1893 the Vereinigung prepared 
the extensive exhibition of models and apparatus at Munich, 
also shown later in Chicago at the Columbian exposition, and 
in 1894 it definitely formulated the plan of the Encyklopidie 
der mathematischen Wissenschaften. Upon the appearance of 
the earlier parts of this work, the preparation of further yearly 
reports was discontinued, the same ends being attained by the 
Encyklopidie. In 1902 the Jahresbericht began to appear as a 
monthly publication, somewhat similar to the BuLLerin. In 
1904 the Vereinigung primarily conducted the third interna- 
tional congress of mathematicians at Heidelberg, and published 
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its proceedings. During the last few years it has also been in- 
fluential in bringing about important changes in the programme 
of the gymnasia and other preparatory schools. At the forth- 
coming meeting, to be held in Dresden, September 15-22, fur- 
ther questions of pedagogy will be considered and plans per- 
fected for providing a suitable place for its extensive library 
and especially for preserving valuable manuscripts. The officers 
for the present year are: president, Professor A. VON BRILL; 
secretary, Professor A. Krazer; editor of the Jahresbericht, 
Professor A. GUTZMER. 


THE educational museum of Teachers College of Columbia 
University announces the preparation of nearly 200 lantern 
slides of illustrations useful in teaching the history of elementary 
mathematics. The slides will be furnished only to schools and 
colleges, or to those who give courses in such institutions, at 
cost, which is forty cents per slide. No order for less than 
twenty-five slides can be filled. For the list of subjects and all 
other information concerning them, letters should be addressed 
to the Educational Museum, Teachers College, Columbia Uni- 
versity, New York City. 


Unper the title of Revue trimestrielle de Mathématiques pures 
et appliquées a new mathematical publication is about to appear, 
edited by E. Weber, Liége, Belgium. Its pages are open to meri- 
torious papers in pure mathematics, hypergeometry, mechanics, 
and elasticity. The price per volume of 300 pages is 15 franes. 


THE scientific society of Harlem announces the following 
prize problem for 1908: “To determine how p,N spheres of 
radius R, and p,N spheres of radius R, (N being undetermined) 
should be placed to occupy the least space? When p,, p, are 
known, what are the critical relations between R,, R, such that 
by making a slight variation of this relation an entirely differ- 
ent distribution of the spheres results? Partial results, limited 
solutions, particular cases, etc., will be considered. Competing 
memoirs should be sent to Dr. J. Bosscha, Harlem, Holland, 
under the usual conditions, before January 1,1908. The value 
of the prize is 500 gulden. The winner may choose between 
the cash value and a gold medal. 


THE subject of the next Adam’s prize problem, to be awarded 
in (909, is ** To discuss the radiation from electric systems or 
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ions in accelerated motion and the mechanical relations on their 
motion which arise from it.” Competition is open to anyone 
who has taken a degree at Cambridge University. Memoirs 
should be submitted to the vice-chancellor before December 16, 
1908. 


AmoncG the Smith prizes for the present year, the two follow- 
ing were awarded for mathematical essays: To A. S. Epp1nc- 
TON, “The systematic motions of the stars,” and to J. W. 
NicHoison, for his essay “The bending of waves around a 
large opaque sphere and some associated problems.” 


DurineG the year 1906 the following doctorates with mathe- 
matics as major subject were conferred by the University of 
Paris: (Doctoral d’Etat.) Carrus, ‘‘ Familles de surfaces 4 
trajectoires orthogonales”; M. Frécuet, “Sur quelques 
points du calcul fonctionnel ” ; Larrés, “Sur les équations 
fonctionnelles ” ; Fayrr, “ Recherches concernant les excen- 
tricités des cométes ” ; Sarnt BLancat, “ Action d’une masse 
intramercurielle sur la longitude de la lune ” — (Doctorat 
d’Université.) Remounpos, “Sur les zéros d’une classe de 
fonctions transcendantes.” 


THE following courses in mathematics are announced for the 
summer sessions of the several universities : 


UNIVERSITY OF CHICAGO (summer quarter, June 15 to Sep- 
tember 15).— By Professor E. H. Moore: Graphical 
methods in algebra especially for teachers, five hours ; Theory 
of determinants, advanced course, four hours; Seminar, two 
hours. — By Professor O. Botza: Theory of functions of a 
complex variable, four hours ; Problems in the theory of func- 
tions, two hours; Abelian functions, two hours. — By Professor 
H. E. Siavucut: Integral calculus, five hours; Differential 
equations, four hours. — By Professor L. E. Dickson: Trigo- 
nometry, five hours; Solid analytic geometry, five hours; Con- 
tinuous groups, four hours. — By Professor F. R. Mouton : 
Descriptive astronomy, five hours ; General celestial mechanics, 
five hours. — By Professor K. Laves: Descriptive astronomy, 
five hours ; General astronomy with laboratory work, five hours. 
— By Dr. A. C. Luxn: Curve tracing and differential caleu- 
lus, five hours ; dynamics of oscillatory systems, four hours. — 
By Mr. N. J. Lennes: Plane analytic geometry, five hours ; 
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Critical review of secondary mathematics, four hours. — By 
Professor G. W. Myers: Pedagogy of elementary school mathe- 
matics, five hours ; Pedagogy of secondary school mathematics, 
five hours. 


Co_umBIA UNIVERSITY (summer session July 9 to August 
17). — Py Professor James Maciay: Differential calculus, 
five hours; Differential geometry, five hours. — By Professor 
C. J. Keyser: Plane analytic geometry, five hours ; Modern 
analytic methods in geometry, five hours. — By Professor 
Epwarp Kasner: Differential equations, five hours. — By 
Dr. G. H. Lixe: Integral calculus, five hours; Theory of 
functions of a complex variable, five hours. — By Mr. Max- 
son: Analytic geometry, five hours. 


UNIVERSITY OF PENNSYLVANIA (summer session, July 8 to 
August 17). — By Professor E.S. CRAw.LEy : Higher analytic 
geometry, five hours. — By Professor I. J. Scawatt: Definite 
integrals, five hours.— By Professor G. H. HaALLetr: Theory 
of functions of a complex variable, five hours.— By Dr. F. 
H. Sarrorp: Differential equations, five hours. 


THE following courses in mathematics will be offered during 
the year 1907-1908. 


Yave University. — By Professor J. Prerpont: Intro- 
duction to the theory of functions, two hours; Projective 
geometry, two hours; Elasticity and hydromechanics, two 
hours ; Elliptic functions, two hours. — By Professor P. F. 
Sir : Higher geometry, two hours ; Geometric analysis, one 
hour. — By Professor E. W. Brown: Mechanics, two hours ; 
Celestial mechanics, two hours. — By Professor H. E. HAWKEs : 
Algebra and analytic geometry, two hours; Teachers’ course 
in geometry, two hours; Advanced algebra, two hours. — By 
Professor M. Mason: Differential equations, two hours ; In- 
tegral equations, one hour; conformal mapping and Riemann 
surfaces, one hour. — By Professor E. B. Wiison : Molecular 
properties of matter, two hours ; Gravitation and electrostatics, 
one hour. — By Dr. W. A. GRANVILLE ; Differential geometry, 
two hours. — By Dr. L. I. Hewes: Differential equations, 
one hour ; geometric transformations of the plane and of space, 
two hours ; Graphical and numerical computation, one hour. — 
By Dr. W. R. Lonexey ; Differential geometry, two hours. 
The mathematical club meets fortnightly. 


— 


1907.] NOTES. 413 


THE following courses in mathematics are announced by the 
various foreign universities for the summer semester : 


UnIversity OF BERLIN. — By Professor H. A. Scuwarz: 
Integral calculus, with exercises, four hours ; Theory of elliptic 
functions and selected chapters of the theory of functions, four 
hours; Seminar, two hours ; Colloquium, two hours. — By Pro- 
fessor G. Fropenicvs: Theory of algebraic equations, four 
hours; Seminar, two hours. — By Professor F. ScHotrky : 
Theory of potential, four hours; Special theory of functions, 
two hours ; Seminar, two hours. — By Professor G. HETTNER : 
Fourier series and integrals, four hours.— By Professor J. 
Knosiavcn: The influence of Euler’s work on modern mathe- 
matics, two hours ; Theory of surfaces, II, four hours ; Theory 
of space curves, two hours. — By Professor R. LEHMANN 
Finués: Differential calculus with exercises, four hours. — 
By Professor E. Lanpav : Calculus of variations, four hours ; 
Theory of probabilities, two hours. — By Dr. I. Scuur: The- 
ory of determinants, four hours. 


University OF Bonn. — By Professor E. Srupy: Differ- 
ential geometry, four hours ; Selected chapters in mechanics, two 
hours ; Seminar, two hours. — By Professor G. KowALEWSKI: 
The division of the circle, four hours; General theory of dif- 
ferential equations, four hours. — By Professor F. Lonpon :. 
Elements of differential and integral calculus, four hours ; with 
exercises, two hours ; Axonometry and perspective, two hours. 
— By Dr. E. Scumiptr : Definite integrals, four hours; Founda- 
tions of point sets and the theory of real functions, two hours. 


UNIVERSITY OF GOTTINGEN. — By Professor F. KLEIN : 
Curves and surfaces, four hours; Seminar, two hours. — By 
Professor D. HiLBErT: Theory of differential equations of one 
variable, four hours; Seminar, two hours. — By Professor H. 
MInKowskK1 : Calculus of variations, four hours; Radiation, two 
hours ; Seminar, two hours. — By Professor C. Runae: Nu- 
merical solution of equations, with exercises, four hours ; Photo- 
grammetry, with exercises, two hours; Seminar, two hours. — 
By Professor L. BrenDEL: Insurance, four hours; Seminar, 
two hours. — By Professor L. PRANDTL: Introduction to ther- 
modynamics, four hours ; Theory of machines, two hours ; Sem- 
inar, two hours. — By Dr. F. Hercuorz: Linear differential 
equations of complex variables, four hours. — By Dr. C. Car- 
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ATHEODORY : Differential and integral calculus, four hours. — 
By : Analytic geometry, four hours. — By Dr. 
M. ABRAHAM: Hydrodynamics, four hours. 


University oF Lerpzicg: By Professor C. NEUMANN: 
Selected chapters of mathematics, four hours. — By Professor 
A. Mayer: Analytic dynamics, with exercises, four hours. — 
By Professor O. HOLDER: Theory of functions of a complex 
variable, four hours; Definite integrals, four hours ; Seminar, 
two hours. — By Professor K. Roun: Projective geometry, four 
hours ; Plane analytic geometry, four hours ; Seminar, two hours. 
— By Professor A. von OETTINGEN: Geometric drawing, four 
hours.— By Professor F. Hausporrr : Algebraic equations, four 
hours. — By Professor H. LiesMann: Ordinary differential 
equations, with exercises, four hours. 


University oF Oxrorp (Easter and Trinity terms).— By 
Professor W. Esson: Comparison of analytic and synthetic 
methods in the theory of conics, two hours; Informal instruc- 
tion in geometry, one hour.— By Professor E. B. ELiiorr: 
Theory of functions, three hours.— By Professor A. E. H. 
Love: Waves and sound, three hours. — By Mr. A. L. Dixon: 
Calculus of variations, one hour.— By Mr. H. T. GERRANS: 
Line geometry, two hours.— By Mr. A. E. JoLuirre: In- 
variants and covariants of conics, one hour.—By Mr. P. J. 
Kirkpy: Higher plane curves, three hours. — By Mr. J. W. 
RusseELL: Rigid dynamics, two hours.—By Mr. E. H. 
Hayes: Electrostaties, one hour.— By Mr. R. F. McNEre: 
Algebra, two hours. By Mr. C. E. Hasetroor: Series and 
continued fractions, two hours.—By Mr. A. L. PepDER: 
Spherical trigonometry, one hour.— By Mr. C. H. Sampson: 
Solid geometry, two hours. — By Mr. C. H. THompson : Dif- 
ferential equations, two hours. 


University or Paris (March 1 to June 15).—By Pro- 
fessor E. Picarp: Integrals of partial differential equations, 
two hours. —By Professor E. Goursat: Differential equa- 
tions, one hour.— By Professor L. Rarry: Theory of curva- 
ture of lines traced on surfaces, one hour; Conference, two 
hours. — By Professor P. PAINLEVE : Kinematics, two hours. 
— By Professor P, APPELL: Analytic mechanics, three hours. 
By Professor E. Boret : Calculus of probabilities, one hour.— 
(In the Ecole Normale)— By Professor J. TANNERY: Differ- 


1907. NOTES. 415 


ential and integral calculus, two hours.— By Professor L. 
Rarry: Applications of analysis to geometry, two hours. — 
By Professor E. BorEL, and by Professor J. HADAMARD: 
Courses in general mathematics, two hours. 


University oF Srrasspurc.— By Professor T. REYE: 
Selected chapters of higher synthetic geometry, four hours ; 
Theory of potential, two hours; Seminar, two hours. — By 
Professor H. WEBER: Definite integrals and introduction to 
the theory of functions, four hours; Algebra, four hours ; 
Seminar, two hours. — By Professor M. Sruon: Teaching of 
mathematics in schools, four hours. — By Professor J. WELL- 
STEIN: Introduction to the theory of algebraic functions, four 
hours; Riemann surfaces, two hours; Seminar, two hours. — 
By Professor H. E. TrwErDING : Analytic geometry of space, 
four hours; Descriptive geometry, II, with exercises, four 
hours; Development of mechanical principles, two hours ; 
Seminar, two hours. — By Dr. P. Epstein: Analytic theory 
of numbers, four hours. 


THE University of Glasgow has conferred the honorary de- 
gree of doctor of laws on Professor H. Porncargé, of the Uni- 
versity of Paris, and on Professor U. Drn1, of the University 
of Pisa. 


At the University of Chicago Professor H. MascHxkE has 
been promoted to a full professorship of mathematics, and 
Professor L. E. Dickson to an associate professorship of 
mathematics. 


Proressor E. B. Wiison, of Yale University, has been 
appointed to an associate professorship of mathematics at the 
Massachusetts Institute of Technology. 


At Haverford College, Professor L. W. Rerp has been pro- 
moted to a full professorship of mathematics. 


Proressor J. B. Wess, of the Stevens Institute of Tech- 
nology, will retire from the active duties of his professorship at 
the close of the present academic year. 


Mr. E. A. Morrrz has resigned his instructorship at the 
University of Wisconsin to accept a business position in electric 
engineering. 
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THE deaths are announced of Professor A. SucHarRDA, of 
the technical school at Briinn, on February 20, at the age of 52 
years ; Dr. J. Lon, of the University of Geneva, on January 
26, at the age of 49 years ; Professor G. G. Tswerkorr, of the 
Moscow school of forestry. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Aunrens (W.). C.G. J. Jacobials Politiker. Beitrag zu seiner Biographie. 
Leipzig, Teubner, 1907. 8vo. 45 pp. M. 1.20 


—. See Jacosr (C. G. J.). 


Bertini (E.). Introduzione alla geometria proiettiva degli iperspazi, con 
appendice sulle curve algebriche e loro singolarita. Pisa, 1906. 8vo. 
426 pp. L. 15.00 


Bouutn (K.). Zur Theorie der algebraischen Gleichungen. Upsala, 1906. 
8vo. 55 pp. 


Boxzano (B.). Rein analytischer Beweis, dass zwischen j je zwei Werten, die 
ein entgegengesetztes Resultat gewihren, wenigstens eine reelle Wurzel 
der Gleichung liege. — Hanket (H.). Untersuchungen — die unend- 
lich oft oszillirenden und unstetigen Functionen. — sgegeben von 
P. E. B. Jourdain. Leipzig, 1906. 8vo. 115 pp. Cloth. M. 1.80 


Borp (K.). Die Kegelschnitte des Gregorius a St. Vincentio in verglei- 
chender Bearbeitung. (Habilitationsschrift.) Heidelberg, 1906. 8vo. 
42 pp. 

Birxien (0. T.). Formelsammlung und Repetitorium der Mathematik, 
enthaltend die wichtigsten Formeln und Lehrsitze der Arithmetik, Al- 
gebra, algebraischen Analysis, ebenen Geometrie, Stereometrie, ebenen 
und sphiarischen Trigonometrie, mathematischen Geographic, analy- 
tischen Geometrie der Ebene und des Raumes, der Differential- und Inte- 
3te, durchgesehene Auflage; 2ter Abdruck. 

1906. 8vo. 227 pp. M. 0.80 


CHANDLER (G. H.). Elements of the infinitesimal calculus. 3d edition. 
New York, Wiley, 1907. 12mo. 6+319 pp. Cloth. $2.00 


FouRREY Sey ae géométriques. Paris, Vuibert et Nony, 1907. 
8vo. 8+ 43 Fr. 3.50 


GanTER (H.) und i (F.). Elemente der analytischen Geometrie. 6te, 
verbesserte Auflage. (In 2 Teilen.) Teil I: Analytische Geometrie der 
Ebene. Leipzig, 1906. 8vo. 8+ 190 pp. Cloth. M. 3.00 


Gauss (C. F.). Werke, herausgegeben von der k. Gesellschaft der Wissen- 
schaften zu Gottingen. Vol. VII: Theoria motus und theoretisch-astro- 
nomischer Nachlass (parabolische Bewegung, Stérungen der Ceres und 
der Pallas, Theorie des Mondes). [Redigiert von M. Brendel. a Leip- 
zig, Teubner, 1906. 4to. 650 pp. Boards. 30.00 


GEIGENMULLER (R.). Leitfaden und Aufgabensammlung zur héheren Ma- 
thematik ; fiir technische Lehranstalten und den Selbstunterricht bear- 
beitet. Vol. I: Die analytische Geometrie der Ebene und die alge- 
braische Analysis. 7te Auflage. Mittweida, Polytechnische Buch- 
handlung, 1907. 8vo. 12+ 290 pp. Cloth. M. 6.00 


GUNDELFINGER (S.). See Hesse (O.). 
HANKEL (H.). See Bouzano (B.). 
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Hesse (O.). Vorlesungen aus der analytischen Geometrie der geraden Linie, 
des Punktes und des Kreises in der Ebene. 4te Auflage, revidiert und 
erginzt von S. Gundelfinger. Leipzig, Teubner, 1906. 8vo. 8+251 PP 
Cloth. M. 6.00 


(A.). See Kier (F.). 


Jacopr (C. G. J.). Neue Methode zur Integration partieller Differential- 
gleichungen erster Ordnung zwischen irgend einer Anzahl von Verin- 
derlichen. Heranegegeben von G. Kowalewski. Leipzig, Engelmann, 
1906. 12mo. 228 pp. Cloth. (Ostwald’s Klassiker der exakten Wis- 
senschaften, No. 156. ) M. 4.00 


Jacost (C. G. J.) und Jacosr (M. H.). Briefwechsel ; herausgegeben von 
W. Ahrens. Leipzig, Teubner, 1907. 8vo. 20+ 939 pp-, 2 portraits. 
(Abhandlungen zur Geschichte der mathematischen Wissenschaften mit 
Einschluss ihrer Anwendungen, Heft 22.) M. 6.90 


JourDAIN (P. E. B.). See Borzano (B.). 


Kier (F.) und H6rier (A.). Grenzfragen der Mathematik und Philoso- 
phie. Vortrige, gehalten am 14. Oktober 1905 und 19. Januar 1906 
in der Philosophischen Gesellschaft an der Universitit zu Wien. Leip- 
zig, Barth, 1906. 8vo. 


Kowa (G.). See Jacosr (C. G. J.). 

Lennes (N. J.). See VEBLEN (O.). 

Minicu (K.). Ueber nichteuklidische Cykliden. (Diss.) Miinchen, 1906. 
8vo. 

Netson (L.). Kant und die nicht-euklidische Geometrie. Berlin, Trep- 
tow-Sternwarte, 1906. 8vo. 28 pp. (Vortriige und Abhandlungen, 


herausgegeben von der Zeitschrift Das Weltall unter Leitung von F. S. 
Archenhold, Heft 13.) M. 1.50 


OsBorNE (G. A.). Differential and integral calculus, with examples and 
applications. Revised edition. Boston, Heath, 1906. 8vo. 400 pp. 
Half leather. $2.00 

Oscoop (W. F.). Lehrbuch der Functionentheorie. (In 2 Biinden.) Vol. 
I, 2te Hilfte. Leipzig, Teubner, 1907. 8vo. 12 pp. and pp. 307- 
642. (B. G. Teubners Sammlung von Lehrbiichern auf dem Gebiete der 
ET Wissenschaften mit Einschluss ihrer Anwendungen, 
Vol. XX =: 1.) M. 7.60 

Petit Bots (G. ). Tafeln unbestimmter Integrale. Leipzig, Teubner, 1906. 
8vo. 12+ 154 pp. M. 8.00 

Rupio (F.). See GANnTer (H.). 

Saver (K.). Zur Funktionentheorie auf dem algebraischen Gebilde 
S=VWfen(z). (Diss., Strassburg.) Leipzig, Teubner, 1906. 8vo. 

Savis (P.). Sopra le congruenze. Parma, Ferrari, 1906. 4to. 12 pp. 


Taytor (F.G.). An introduction to the differential and integral calculus 
and differential equations. - 2d edition. New York, Longmans, 1906. 
12mo. 24+ 568 pp. Cloth. $3.00 


VEBLEN (O.) and Lennes (N. J.). Introduction to infinitesimal analysis ; 
functions of one real variable. New York, Wiley, 1907. 8vo. 7 + 227 
pp- Cloth. $2.00 


ZAALBERG (A. L.). Differentiaal- seeeeieige eigenschappen van stralen- 
stelsels. Leiden, 1905. 8vo. 113 pp. M. 5.00 
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Il. ELEMENTARY MATHEMATICS. 


ACADEMIA de ingenieros del Ejército. Papeletas de aritmética, Algebra, 
geometria y trigonometria, para los exdmenes de ingreso. Guadalajara, 
Concha, 1906. 8vo. 60 pp. P. 1.00 


Baker (W.) and Bourne (A. A.). First geometry, with answers. — 
Bell, 1907. 12mo. 142 pp. Cloth. s. 6d. 


Barpey (E.). Aufgabensammlung, fiir bayerische Mittelschulen nach der 
neuesten Auflage bearbeitet von J. Lengauer. Leipzig; Teubner, 1907. 


8vo. 4+ 192 pp. Cloth. M. 2.20 
Basst (A.). Risoluzione dei triangoli piani; norme ed esem Torino, 
Paravia, 1907. 8vo. 7+ 355 pp. ( Biblioteca di scienze sche mate- 
matiche e naturali, collezione Paravia. ) L. 4.00 


Bourne (A. A.). See Baker (W.). 


Buraut-Fortr (C.). Lezioni di aritmetica pratica, ad uso delle scuole 
secondarie inferiori. 4ta edizione, accresciuta e riordinata. Torino, 
Gallizic, 1907. 8vo. 8-+ 278 pp., 2 plates. L. 2.25 


Diet (L.). Ueber die Kongruenz und das Kongruenzgefiihl und iiber die 
graphische Darstellung kérperlicher Objekte. Wien, Schroll, 1907. 
8vo. 18 pp. M. 1.20 


Fawpry (R. C.). See Prayne (H. C.). 


Hatstep (G. B.). Rational geometry. A text-book for the science of space 
(based on Hilbert’s foundations). 2nd edition, thoroughly revised. 
New York, Wiley, 1907. 12mo. 8+ 273 pp. Cloth. $1.50 


Hanpsucu fiir Lehrer héherer Schulen. Bearbeitet von A. Auler, O. 
Borner, W. Capitaine, R. Fricke, E. Grimsehl, K. Jansen, F. Kuhl- 
mann, F. Lampe, B. Landsberg, O. Lyon, H. Miiller, J. Nelson, A. 
Rausch, B. Schmidt, E. Stiehler, H. Vollmer, E. Weede, O. Weissen- 
fels, E. Wernicke, J. Ziehen. Leipzig, Teubner, 1906. 8vo. 


Kocu (W.). Zur Methode im geometrischen Unterricht. (Progr. ). Py 
1 4to. 6pp., 1 plate. 1.20 


Kraus (K.). Grundriss der Arithmetik fiir Lehrer- und art 
dungsanstalten. 3te Auflage; unverinderter Abdruck der 2ten Auflage. 
Wien, Pichler, 1906. 8vo. 316 pp. Cloth. M. 3.50 


LENGAUER (J.). See Barpey (E.). 


Lorenzo y ALEvu (M.). Pizarros de aritmética y Algebra, para uso de los 
aspirantes 4 ingreso en las academias militares y de la armada, dispuestas 
con sujecién 4 las obras declaradas de texto. 2a edicién. Quaderno 
primero: Aritmética. Valdemoro, Guardia Civil, 1906. 8vo. 95 pp. 

P. 3.00 


MopEL ANSWERS in matriculation mathematics, together with the examina- 
tion papers from September 1902 to January 1907. London, Clive, 
1907. 12mo. 188 pp. (University tutorial series. ) 2s. 


NovuvELLEs TABLES de logarithmes 4 cing décimales pour les lignes trigo- 
nométriques dans les deux syst¢mes de la division centésimale et de la 
division sexagésimale du quadrant et pour les nombres de 1 4 12,000, 
suivies des mémes tables 4 quatre décimales et de diverses tables et for- 
mules usuelles. 2e édition, revue et corrigée. Paris, Gauthier-Villars, 
1906. 8vo. F, 4. 
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PuaynE (H. C.) and Fawpry (R. C.). Practical trigonometry. London, 
Arnold, 1907. 12mo. 304 pp. Cloth. 6s. 


Rusio (J. M.). Apuntes de geometria, con al Dt exigido 
para el ingreso en el Cuerpo auxiliar de telégra adrid a, 1906. 
12mo. 153 pp. P. 3.00 


SouLE (G.). Intermediate philosophic arithmetic. New Orleans, 1906. 
8vo. 9+ 589 pp. Cloth. $2.50 


TANNER (J. H.). Elementary algebra. New York,. American Book Com- 
pany, 1907. 12mo. 364 pp. Cloth. (Modern mathematical 
1.00 


VisscHer (N.J.). Tal van oplossingen van rekenkundige vraagstukken, 
opgegeven bij acte-examen 1905 in de 1. inspectie. Groningen, 1906. 
8vo. 116 pp. M. 1.50 


WatsH (J. H.). Algebra and geometry for the Philippine schools, being 
chapters VII and VIII of Walsh’s New grammar school arithmetic. 


Boston, Heath, 1906. 12mo. 3+ 88 pp. Cloth. 30.30 
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Cypores (G.). Sulla convergenza dei meridiani. Genova, Gioventi, 1906. 
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Sicherung der Koordinatenunterschiede mit der Rechenmaschine. 
Braunschweig, Vieweg, 1907. 4to. 34 pp. Boards. M. 2.50 
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